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1 Introduction

5 LA 72 Bernoulli 0% OF Bernoulli ZIERIX, BEEKEE W T
B

-1 m! b
m=0
WX TERINDS. ZOREKED S Bernoulli % 2B 2 IRDFFERAIMEF S NS [E]:
m(o): ms (1)
Bm(z+1) = Bn(z) =mz"™""  (m >0), (2)
B! (z) = mBp,_1(z), (3)
Bi(1—z) = (=1)"Bn(z), (4)
Bp(z) =S (") Bjam (5)
% ()
m 1 m+ 1 — 1 m
m—l—l ( n >Bn(z)_nzzom—n+l< )Bn(z), (6)
N-1 i
Bm< ) NY™"B,,(Nz) (7)
B(z +1) ") B (2) 8)
> (7)

Bernoulli ZIEAUZE U T4 RMERZBDBH SN T WS D, LEBHELUIR D STV Wn
oIt bhsd. 22Tl Jack ZIHEAME HW-Z A Bernoulh ZIHAZEAL, T L
WD (1)-(8) LHLLDOWE 272 Z & &R,

31



2 Prelimilaries
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—H( ) 11

mj1<i<j<r ( (J—1) )mi_m]_
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Other formulas [S]Prop.2.3 or [Ka| (17) &9
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3 Multivariate Bernoulli polynomials
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Remark 1. &#]lE Bernoulli ZIHA D Jacobi-Trudi 7R D & %€ ¥ 5 L ZHL % /&FHIZ
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H e“juj— 10]:0(d) (;z,u)
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72D T, EiBD type ZREREUZ T 5T 12 U7z, BAF, 2T LD ITHEETIEZ B 5 D style
DELERALD T ta % & ROWSEBIHLUZ R > TWH X5 IZbns.

Theorem 2. (1) z = 0 DK;FkfH:

BY (0) = B

(2) #7 BEAR:
r d ‘
B (z+1) - BY (2 Z o\ ( 5 =(r— 1)) h(,d’)l-(m).
(3) Mo BELR:

Fol E:Bm < mi gr—o>ﬂﬂmn

(4) X FRME:
B (1-2) = ()™ B (2)
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(2) (12) & (10) £ b
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(6) (9) &b
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_ e m @ (2.u)

elul —1
=3 B (M )
nepP
(d) m) @ (d)
=Y Bi'(z) ) (n> Uy (1)
nepP mepP
m) @ (d) (d)
= Z Z <n> By’ (z) Uy (u).
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4 A multiple analogue of the multivariate Bernoulli polyno-

mials

nHDOERNT A =%
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n u d
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u
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m>0

DEERALIT I > T WD . FEEE,

&(j) = (wi,+ ywjo1,Wjg1, "+ ,wy) € CT1
= (wl,--. 7aj7”' 7w7‘)’
wi[j] = (w17"' y TWyy 7w7’) eC”

Y33 E By (2| w) O THAR [N] (12)-(17)

Bpm(cz | cw) =
Bum(|lw] =z | w)
Bnm(2 +wj | w) = Bam(z | w)

" "Bym(z |w) (ceCY),
(_1)mBn,m(z ‘ w),
manl,mfl(z | a(]))7

Bpm(z | wJ]) = —Bum(z +w; | w),
Bn,m(z | w) + Bn,m(z |w™[j]) = _mBn—l,m—l(Z | @(4)),
d
@Bn,m(z | w) =mBpm-1(z | w)
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Theorem 3. (1)

Bi(cz | cw) = "B (z | w) (c e CY).

(2)

By (w1~ z | w) = ()™ B{0(z | w).
(3)
B{%a(z+ w1 | w) — B (z | w) = ZB &(5)) (mH—i(r—i)) K% (m). (14)
(4)

Bin(z | w[j]) = —Bia(z + w1 | w). (15)
(5)

BY(z | w) + BYh(z |0 [j ZBn L, (21 B()) (mi—i-g(r—i)) 1% (m).

(6)

o) Bt | ) = 32 Bl e ) (mo+ G ) 15 m),
Proof. (1) 2 8% 2% Bernoulli ZIHA D REE & Jack ZIHADFIRMEL D

@ @y _ (@, Tl
;Bmm(cz | cw) ¥’ (1) = o Fo (,cz,u> E el 1

n
Coen (@ (. |cu]
=_cC no-/r() (, z, Cu) 1_[1 76"“'0‘” 1

1=

n
—CN e |cul
=c "o F0 (,Z,cu) 1_[1 oleal 1
3

:7"ZB (z|w)V ()(cu)

meP
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(3) (12) & (10) & b

3 (Bi(z +wil | w) — Bio(z | ) (u)
meP
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~ ~ d d
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e (d u u
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5 Concluding remarks

BLED & 512, % D% ZH Bernoulli Z1H BYY (2) 1&—ZRD# A RDFMAES < B
VT ARWEZE *ﬁ*ﬁﬂ)\fif@% EDRDND. HEFINUIHNET ZMD U S D zeta BEDHH
LI (B DRFIRE, 7272 LB OEEETId 72 < A D partitions?, 732 DL Z %L Bernoulli 2 HAIZ
725 & 573 zeta) HHEK T ENIXH A WD, TNBAITH D 0TS DL 2 A RYB DN,

S 3R

[E]

[FK]

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental
functions. Vol. 1, McGraw-Hill Book Company, Inc., New York-Toronto-London, 1953.

J. Faraut and A. Kordnyi, Analysis on symmetric cones, Oxford Mathematical Mono-
graphs, The Clarendon Press, Oxford University Press, New York, 1994.

J. Kaneko, Selberg integrals and hypergeometric functions associated with Jack poly-
nomials, STAM J. Math. Anal. 24 (1993), 1086-1110.

T. H. Koornwinder, Okounkov’s BC-type interpolation Macdonald polynomials and
their ¢ = 1 limit, Sém. Lothar. Combin. 72 (2014/15), Art. B72a, 27 pp.

M. Lassalle, Coefficients binomiauz généralisés et polynémes de Macdonald, J. Funct.
Anal. 158 (1998), 289-324.

I. G. Macdonald, Symmetric functions and Hall polynomials. Second edition, Oxford
Mathematical Monographs, The Clarendon Press, Oxford University Press, New York,
1995.

A. Narukawa, The modular properties and the integral representations of the multiple
elliptic gamma functions, Adv. Math. 189 (2004), 247-267.

A. Okounkov, Binomial formula for Macdonald polynomials and applications, Math.
Res. Lett. 4 (1997), 533-553.

R. Stanley, Some combinatorial properties of Jack symmetric functions, Adv. Math.
77 (1989), 76-115.

N. Ja. Vilenkin and A. U. Klimyk, Representation of Lie groups and special functions.
Recent advances, Mathematics and its Applications, 316, Kluwer Academic Publishers
Group, Dordrecht, 1995.

41



