Minus space of half-integral weight modular forms

Soma Purkait (Sophia University)

We summarize our joint work with E. M. Baruch [3] where we give a counterpart of
Kohnen’s newform theory of half-integral weight modular forms.

Let M be odd and square-free and k be a positive integer. In a remarkable work, Niwa [§]
comparing the traces of Hecke operators proved existence of Hecke isomorphism between
Sk+1/2(Fo(4M)) and Sap,(L'o(2M)).

In [5, 6] Kohnen defines plus space 51:;1/2 (4M), a subspace of the space Sy 1/2(I'o(4M)),
which is given by a certain Fourier coefficient condition. Kohnen considers a new space
S;je/vg(ZlM ) inside his plus space and proves that this new subspace is Hecke isomorphic to

¥ (Lo(M)), the space of newforms of weight 2k and level M, giving a newform theory of
half-integral weight.

In the case M = 1 the Kohnen plus space is given as an eigenspace of a certain Hecke
operator considered by Niwa [8]. Niwa’s operator has two eigenvalues of opposite sign
and the Kohnen plus space is the eigenspace of the positive eigenvalue. In this case the
Kohnen plus space itself is the newspace S;Jrnle/vzv(él) and is isomorphic as a Hecke module to
Sok(Top(1)). In the case M > 1, the Kohnen plus space can be again given as an eigenspace
of a certain operator [6], we prove that this operator at level 4M is an analogue of Niwa'’s
operator at level 4.

From Kohnen’s results, it is clear that the Niwa map sends the Kohnen plus space
to a subspace of old forms inside Sor(I'g(2M)). It is natural to look for a subspace of
Sk+1/2(Lo(4M)) that maps Hecke isomorphically to S5:%(2M ). We identify such a subspace
of half-integer weight forms, we call it the “minus space” at level 4M. We note that this
space complements the Kohnen plus space, however, their sum will not give the whole space
if the Kohnen plus space is nonzero.

In order to desribe our minus space we need certain operators on Sy /2(I'0(4M)). For

that we shall consider genuine Hecke algebra of éig(Qp) modulo certain subgroup K¢ (p)
and a genuine central character for every prime p dividing 2M. Our work follows that of
Loke and Savin who studies a certain 2-adic Hecke algebra which allowed them to give a
representation theoretic interpretation of the Kohnen plus space at level 4. In our p-adic
Hecke algebra, we consider two p-adic operators that give rise to conjugate classical Hecke
operators which when we use along with Niwa’s operator and it’s conjugate allow us to define
our minus space at level 4M. We give two descriptions of the minus space: One description
as an orthogonal complement of a certain sum of subspaces and another description as a
common —1 eigenspace of the Niwa operator, its conjugate and a certain pair of conjugate
operators for each prime dividing M. This is completely analogous to our description of
the space of newforms of weight 2k for I'g(2M) given in [2]. Our main result is that our
minus space of weight k + 1/2 at level 4M is isomorphic as a Hecke module to the space of
newforms of weight 2k at level 20 .
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1 Preliminaries

Let p be any prime (including infinite place). The group SL2(Q,) has a non-trivial central
extension by po = {£1}:

1 — py — ﬁg((@p) — SLy(Q,) — 1
{1, £1)} (9£1) +— g
We use the 2-cocycle described by Gelbart [4] to determine the double cover SLy (Qp). For
a b
g= <c d) € SL2(Qy), define

¢ ifec#0,

ml9) = {d if ¢ = 0;

if p = o0, set sp(g) = 1 while for a finite prime p

() (¢;d), if ed # 0 and ordy(c) is odd,
S g
b 1 else.

Define the 2-cocycle o, on SL(Q,) as follows:
op(g,h) = (1(gh)7(9), 7(gh)7(h)), sp(g)sp(h)sp(gh).
Then the double cover SLy (Qp) is the set SLp(Q)) x po with the group law:

(gv 61)<h7 62) = (gh7 6162010(97 h))

For any subgroup H of SL2(Q,), we shall denote by H the complete inverse image of H in

SL(Qy).
We consider the following subgroups of SLa(Z,):

Ko(p") = {<a Z) € SLa(Zp) : c€ P”Zp},

C

b
Ki(p") = {(Z d) € SLy(Zy) : c€p"Zp, a=1 (mod p”Zp)} :

By [4] for odd primes p, éiz((@p) splits over SLy(Z,) and the center M, of éig((@p) is

direct product {1} x po. However SL2(Q2) does not split over SLg(Za) but instead splits
over subgroup

Ki(4) = {(‘C‘ Z) €SLa(Z) : c=0, a=1 (mod 422)}.

The center My of §f42(@2) is a cyclic group of order 4 generated by (—1I,1).
Loke and Savin [7] considered a genuine Hecke algebra for SLs(Q2) corresponding to
Ky(4) and a genuine central character. In the next section we shall study genuine Hecke

algebras for SLo (Qp) corresponding to Ko(p) and a given genuine character of M, for general
odd prime p.

We set up the following notation: For s € Q,, t € Q
of SL2(Qy):

w0 = (5 1) w0 =2 1) wo= (4 ) mo=(5 %)
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2 Iwahori Hecke Algebra of éig((@p) modulo Ky(p), p odd

Fix an odd prime p. Let v be a character of Ky(p) such that it is trivial on K;(p). Since

g?g g = (Zp/pZy)* we can define v by a character of (Z/pZ)*. We shall use the symbol

to also denote a genuine character on Ko(p) by defining v(A, €) = ey(A) for A € Ko(p).
Let Cg°(SL2(Q))) denote the space of locally constant, compactly supported complex-

valued functions on SL2(Q,) and H(Ky(p),7) be the subalgebra defined as follows:

{f € CZ(SLa(Qy)) : f(kGK') = F(R)T(R) () for § € SLa(Qy), k, K € Ko(p)}.

Then H(Koy(p),7) is a C-algebra under convolution which, for any fi, fo € H(Ky(p),~), is
defined by

o= [ A@RG DG = [ A6,
SL2(Qp) SL2(Qp)
where dg is the Haar measure on §f42((@p) such that the measure of K¢(p) is one.
We say H(Ko(p),v) “genuine ” Iwahori Hecke algebra of SL(Q)) with respect to Ko(p)
and central character v. We want to describe it using generators and relations.

Lemma 2.1. A complete set of representatives for the double cosets of S\ig(@p) mod Ko(p)
are given by (h(p™),1), (w(p™™),1) where n varies over integers.

We say that H(Ky(p),~) is supported on g € Sig((@p) if there exists a f € H(Ko(p),7)
such that f(g) # 0. We note that in general H(Ky(p),vy) need not be supported on the
double coset representatives (h(p™),1), (w(p~™),1). However we can prove the following

Proposition 2.2. If v is a quadratic character then H(Ky(p),) is supported on the double
cosets of Ko(p) represented by (h(p™),1) and (w(p™™),1) where n varies over integers.

For the rest of this section we shall assume v to be quadratic.

2.1 Decomposition of double cosets into union of single cosets and con-
volution formulae

We have the following decomposition that can be obtained using triangular decomposition
of Ko(p).

Lemma 2.3. (1) Forn >0,

Koph(@"Kolp) = |J =6re)Kop)= |  Kop)h(p")y(ps).
SEZLy /P2 Ty SEZLp P21 Ly
(2) Forn >1,
KophpMKop) = |  wshp™MEKolp)= |J  Kol)h(p ™)a(s).
SELy [p*" Ly SELp P> Ly
(3) Forn >1,
KopuwpMKop)= |J w@weMEKop)= |J  Kol@)wp "ups).
SELp/p*" 1Ly SEZLy [p*" 1Ly
(4) Forn >0,
Kop)wp™)Kop)= | azw@"EKep)= |J  Kop)wp™)z(s).
SE€ELy /P> T1Zy SELyp P> 17y
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We note the following lemmas that are used in computing convolutions in order to obtain
relations amongst Hecke algebra elements.

Lemma 2.4. Let f1, fo € H(Ko(p),7) such that fi is supported on Ko(p)TKo(p) =
UiZy &iKo(p) and f2 is supported on Ko(p)yKo(p) = Uj—; BiKo(p). Then

fi % fa(h Zfl &;) f2(@;th)

=1
where the nonzero summands are precisely for those i for which there exist a j such that
h € &;B8;Ko(p)-

For j € SLy (Q,) let u(g) denotes the number of disjoint left (right) Ko(p) cosets in the
decomposition of double coset Ko(p)gKo(p).

). Let fi and fy €
Ko(p). Then fi * fa

Lemma 2.5. Let §j, h € §f42(@p) be such that p(§)pu(h) = ,u(g
H(Ko(p),7) are respectively supported on Ko(p)gKo(p) and Ko(p)h
is precisely supported on Ko(p)ghKo(p) and fi * fa(gh) = f1(g)f2(h).

2.2 Generators and relations
Let T = {(h(t),¢) : t € Q), e = £1} and Néig((@p)(T) be the normalizer of T in SAfJQ(Qp).
Note that NSIQ(QP)(T) is generated by elements (h(t),¢), (w(t),e) for t € Q. We extend
the character 7 of Ko(p) to the normalizer group Ng; (Qp)(T).

Let ¢, = 1 or (—1)%/2 depending on whether p = 1 or 3 (mod 4). Thus e2 = (‘71)
Define

1 if n is even,
Y((h(2),1)) = {

Ep (%) if n is odd.
One can check that v indeed extends to a character on 7.
We now extend the character to the normalizer Ngp @, )( ) by defining y((w(1),1)) =1

and extend it using the following relation

(w(t),1) = (h(t), )(w(1), ), (~L,t71)).
Let t = p™u. We define

1 if n is even,

Y((w(t), 1) = {ep (5¢) ifnis oad,

p

We define the following elements of H (Ko(p),'y)ﬁl{pported respectively on the double
cosets of (h(p™),1) and (w(p~™),1): For n € Z, and k, k' € Ky(p),

Xy, (R(A(0"), DF) = (k)T ((A(0"), D)T(K),

X(wp-m,1) (Fwp™), DE) = 7(k)7((wp™"), D))T(E).

Let T = X(npny,1) and Up = X(y@p-n),1)- Then Proposition 2.2 implies that 7, and Uy,

forms a C-basis for H(Ky(p),~).
Using decomposition 2.3 and lemmas 2.4, 2.5 we obtain the following.

!

([

= =2
TN

N
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Proposition 2.6. We have following relations:
(1) If mn > 0 then T * Tn = Tm+n-
(2) Forn >0, Uy *Tp =Unt1 and T_p x Uy = Up41.
(3) Form >0, Uy« T—p, =U_y, and Ty, x Uy = U_,.
(4) Forn > 1, Uy x Uy, =7(=1) - Ty, and U, xUy = 5(—1) - T_p,.

We consider two choices for 7 as a character of (Z/pZ)*, either ~ is trivial or « is given

by the Kronecker symbol v = (13> Then we have following proposition.

Proposition 2.7. We have following relations.
(p—DUo+p ify is trivial,
oG R
» )P 7=13)
p if v is trivial,
(2) U = ~ , _
! ep(p — UL + (%)p if v = (5>.
(3) If v is trivial, then Ti Uy = p Uy and Ty = 1/p-Uy * Ty *Uy.

We obtain the following theorem.

Theorem 1. The “genuine” Iwahori Hecke algebra H(Ky(p),7y) for v trivial or (5) is
generated as an C-algebra by Uy and Uy with the defining relations given by above proposition.

3 Translation of adelic to classical

We briefly recall Shimura’s [10] work on half-integral weight forms. Let G be the set of all

ordered pairs (a, ¢(z)) where a = <Z Z) € GL2(R)* and ¢(2) is a holomorphic function

on the upper half plane H such that ¢(z)? = tdet(a)~Y?(cz + d) with ¢ in the unit circle
St:={z¢€C : |z| =1}. Then G is a group under the following operation:

(@, 0(2))-(8,9(2)) = (@B, p(B2)1(2)).

Let k> 1 and ¢ = (a, ¢(2)). Recall the slash operator |[(];41/2 on functions f on H by
FlClkt1/2(2) = flaz)(p(z))2k1,
a b

Let N be divisible by 4 and a = <c d) € I'y(NV). Define the automorphy factor

. __—1(€ 1/2
jlovz) =7 (5) e+ )2,
where ¢4 = 1 or (—1)/2 according as d = 1 or 3 (mod 4) and (§) is as in [10]. Let
Ap(N) :={a" = (o, j(a,2)) €G : a €Th(N)} <G.

Let & be an element of G such that Ag(N) and £ 1Ag(N)¢ are commensurable. We have
an operator |[Ag(N)EAG(N)]k/2 on Siy1/2(Fo(NV)) defined by

FIIAO(N)EAG(N) 12 = det(&)FFIN " Fl[€ ]ur o

where Ao(N)on(N) = Uv AQ(N)&)
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Let A = Ag be the adele ring of Q and éig(A) = SLo(A) x {£1} with the group law:
for g = (gv), h = (hy) € SLa(A) and €1, €2 € {£1}

(g9,€1)(h,e2) = (gh, €1€20(g,h)), where o(g,h) = Hal,(g,,,h,,).

The group gig(A) splits over SLy(Q) and the splitting is given by

50 SLa(Q) — SLa(A), g+ (g, 5a(g)) where su(g) = [ su(9)-

v

For g = ((Z 2) ,€) € SLy(R) and z € H, define
g(z) = Zjiz and  J(g,z) = e(cz 4+ d)Y/2.

Note that J(g, z) satisfies automorphy condition i.e.,

cosf sinf

For 6 € R, let k(6) = <_ sin@ cosf

). Define Ko := {k(0) : € (—2m,2n]} where

R(0) (k(6),1) if-m<0<m,
(k(B),-1) if —2r<f<-—mormw<0<2m

Then K, is a maximal compact subgroup of éig(R) and k() — 570 is a genuine

character of K. Let

Ki(N) = H{(‘é Z) €SLy(Z,) : ¢=0, and a,d=1 (mod NZ,)}.

q<oo

We follow the notation of Waldspurger [12]. Let x be an even Dirichlet character modulo
N. Write xo = x (ll)k Define v on ZJ as

- 1 ift=1 (mod 4Zy),
Ylt)=9 . ..
—i  ift=3 (mod 4Z,),

a b

and for kg = <c d> € K2(4), define

. _ @) (e, d)y s2(ko) i ¢ # 0,
é2(ko) = { .
Y2(d) if ¢ = 0.
Let xo also denote the idelic character (of Q*\Ag) corresponding to the Dirichlet character
Xo (it will be clear from the context when we consider Xo to be idelic or Dirichlet character).
Let Agy1/2(N,x0) denote the set of functions ® : SLa(A) — C satisfying the following
properties: -
(1) ®(sq()g(k1, 1)) = ®(g) for all k1 € [,y SLa(Zq), o € SL2(Q), g € SLa(A).
(2) @ is genuine, i.e., ((I,()g) = (P(g) for ¢ € po.
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(3) For odd primes p such that p"||N, ®(g(ko, 1)) = x0,p(d)®(9), ko = <CCL d> € K (p").
(4 If QnHN (TL > 2) <I>(§(k:0, 1)) = gg(ko))(og(d)@(g) for all ky € K02<2n)

2k+1

)

) ~
(5) ©(gk(0)) = €2 P®(g) for all k(6) €

)

h

(6) ® is smooth as a function of SLQ( ) and satisfies A® = —[(2k 4+ 1)/4 - (2k — 3)/4]P
where A is the Casimir operator.
7) ® is square integrable, that is f (SL2(@)\ ST (A)

(7)
(8) @ is cuspidal, that is [y \Na P <<(1] ?) g) da =0 for all § € SLa(A).

In the above xg, is the p-component of idelic character xq.
By Waldspurger [12, Proposition 3] there exists an isomorphism between

1 |2(@)2dg < .

Apg1/2(N, x0) = Sk41/2(Lo(N), x)

given by ® — fg where for z € H,
f@(z) = (I)(goo)J(gom )2k+1

where o € é\]zQ(R) is such that g (i) = 2. The inverse map is given by f — ®¢ where for
g € SLa(A) if g = (o, sa(@))goo(k1,1) (by the strong approximation theorem for SLa(A)),

®5(7) = f (oo (i) (Goos 1) F .

This isomorphism induces a ring isomorphism of spaces of linear operators,

q : Endc(Agy1/2(N, x0)) = Ende(Spi1/2(Lo(IV), X))

given by
a(T(f) = fr,)-

3.1 N =4M, M odd and p|M

We shall now use the map ¢ to translate the elements 71, U1 and Uy in the p-adic Hecke
algebra to classical operators on Sy /2(I'0(4M),x). We will restrict ourselves to x being
the trivial character modulo 4M. In this case xg = (ll)k is of conductor 1 or 4 and so xo,p
is trivial on Z) while xo2 acts by Xo! = xo0 on Z.

Let v be character on (Z,/pZy)* induced by xo0,p|Z,. Then Iwahori Hecke algebra
H(Ko(p),7) is a subalgebra of Endc(Agy1/2(NV,x0)) via the following action: for 7 €

H(Ko(p),7) and ® € Aj11/2(N, X0),

We prove the following proposition.

Proposition 3.1. Let x be the trivial character modulo 4M with M as above and v be
induced by xo,p- Let Ti, Uy and Uy € H(Ko(p),7) and f € Siy1/2(Lo(4M), x). Then,

(1
A(TH(2) = (”)kp“ﬂ pgf (3.

p p
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(2)

e =5 () (1) Igfn(as,%smﬂ/z(z),

p p

2
_(p"n—4Mms m . . 9
where oy = ( ApM (1 — ) p) € Ma(Z) is of determinant p* and m, n € Z are such that
pn — (4M/p)ym =1, and ¢, (2) = (AM(1 — 5)z + 1)/2.
3)
p—1

aUo)(£)(2) = Y FIIBss S5 )kr172(2),
s=0

1 m—s
where fiy = <4M1 np — 4Mys
above and ¢, = (4Myz + (np — 4Ms))/2.

) € I'g(4My) with My = M/p and m, n € Z are chosen as

Recall by [10, Proposition 1.5], for m | M, the map U, given by

o0 o0 m—1
n n — 1
U (z and ) =S " = IS (2 ) )
n=1 n=1 s=0

sends Sy11/2(To(4M), x) to Syi1/2(Lo(4M), x (2)). Thus by (1) of the above proposition,
we have o(7)(f)(2) = (52) PO~ 29/20,a().

Let us denote ¢(p~Y2U,;) by sz and q(Up) by @p.
Corollary 3.2. On Sj1/2(T'0(4M)) we have

(1) Wpa is an involution.

(2) (@p )(Q;;Jr 1) =0.

(3) Q= (51) »' 0 Wpe.

(4) If | € Spa2(Lo(4M/p)) then Qp(f) = pf-
Proof. The proof of (1)-(3) follows by using Proposition 2.7. For (4) we use Proposition
3.1(3). 0

We further define an n operator Q on Sy 1/2(l'0(4M)) to be the conjugate of va by
We, ie., Qp W, 2Qp p2. Thus @p satisfies same quadratic as Qp and we have Qp =

(7) P U .

Remark 1. We note that for a prime ¢ such that (¢,2M) = 1, one can similarly obtain
the usual Hecke operator Ti2 on Sj1q/2(l0(4M)). In particular, if we take 71 1= X((g),1) €

H(SL2(Zy). ) then q(Ti) = (5 )’“ pB-2)/2T .
Moreover if p and ¢ are distinct primes such that p™, ¢™ strictly divides N then the
operators S € H(KF(p"),~,) and Te H(K{(q™),q) in Ende(Sk41/2(Fo(N)) commute.
In particular the operators Qp, p2 on Sy /2(Fo(4M)) that we defined above commute
with T2 for primes ¢ coprime to 2M

We prove that the operators we obtained from Uy and U, are self-adjoint.

Theorem 2. The operators sz, va and QV;, on Si41/2(Lo(4M)) are self-adjoint with respect
to Petersson inner product.

36



4 Local Hecke algebra at prime 2 and Kohnen’s plus space

In the previous sections we consider genuine Iwahori Hecke algebra for the case when p is
an odd prime and translate some of the Hecke algebra elements to obtain classical operators
on Si11/2(F'o(4M)) when p||M. We shall now consider the case p = 2. We recall the work

of Loke and Savin [7] on genuine local Hecke algebra of §f4(@2) with respect to Ko(4) and
central character of Ms.
Let v be a genuine character of Ky(4) determined by its value on (—1,1) such that it is

trivial on K7(4). This character can be extended to the normalizer Néi(Qg)(T) by defining

~v((h(2™),1)) = 1 for all integers n and y((w(1),1)) = (1 +~((—1, 1)22//\/5 =: (g, a primitive

8th root of unity. Let H(Ko(4),7) be genuine Hecke algebra of SL(Q2) with respect to

Kg(4) and Y- Let % = X(h(2”),1)a Z/fn = X(w(Q*”),l) € H(Kg(ll),’y) (deﬁned as in the odd
prime case).

Theorem 3 (Loke-Savin [7]). For m,n € Z,

(1) If mn >0 then T * Tn = Totn-

(2) Z/{l * 7;1 = Un—f—l and 7;1 * Z/[l = Ul_n.

(3) Uy Uy, = Tn—1 and Uy, x Uy = Ti—p.

The Hecke algebra H(KZ(4),7) is generated by Uy and Uy modulo relations (Up—
2v/2) Uy + V2) =0 and UE = 1.

In particular, Us = Uy * T = Uy * Uy * Uy and so (Us — 2v/2)(Us + v/2) = 0.
We set v((—1,1)) = —i?k*1. Let x be the trivial character modulo 4, so xo = (i)k

Then, for any kg = <i b> € KZ(4) we check that é(ko)xo2(d) = v((ko,1)). Using the

d
ring isomorphism ¢, Loke-Savin obtained following classical operators on Sy /5(I'0(4), X)-

Proposition 4.1 (Loke-Savin [7]). For f € Sj11/2(T0(4), x),

m
AT(E) = 207920,(7)(2),
@) 2
(NG = (557 ) WE)

where the operator Wy is given by Wy(f)(2) = (—2iz) F~1/2f(—~1/4z).

Niwa [8] considered operator R = WUy on Sy 1/2(I'0(4), x), proved that it is self-adjoint
and that (R — a1)(R — az2) = 0 where a; = (%ﬂ) 2 ay = —9%. Kohnen [5] defined his
plus space ST (4) at level 4 to be the ai-eigenspace of R in Sy_1/5(To(4)). It follows from

the above proposition that S*(4) is the 2-eigenspace of q(U;)q(71)/v/2 and hence that of
a(th) V2.

In the case level is 4M with M odd and x is a ivial character modulo 4)/, Kohnen [6]
defines a classical operator ) on Sy /2(F0(4M ), X) in order to obtain his plus space. The
operator () is defined by

Q 1= [Ao(4M)pAo(AM)] where p = <<§ i) i),
By [6, Proposition 1] @ is self-adjoint and satisfies (Q — «)(Q — ) = 0 where a =
(=D)=+D/2024/2 3 = —a/2, and the plus space SZ+1/2(4M) is the a-eigenspace of Q.
In our work we need that Kohnen’s plus space at level 4M is the 2-eigenspace of the

product q(U)q(T1)/v/2. We have the following proposition.
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Proposition 4.2. Let f € Sp11/2(T0(4M)) with M odd. Then we have

o = (557 ) 1) = (507 ) daTm).

+1/2(4M) is the 2-eigenspace of q(U1)q(T1)/V?2.

Consequently S,

We can translate 71, Uy, Uy € H(KF(4),7) to classical operators on S /9(Lo(4M)).

Proposition 4.3. For f € Sy 1/2(Io(4M)),

1

v (T (f)(z) = 207020, (f)(2).

® /9 _q\ k32

NG =G () (37) Ao Eleral

where W = (f]@ 73) with a,b € 7 such that 2n — mM =1 and ¢y (z) = (2Mz + 1)1/2,

3)

o\ F3/2 3
(1)) =G (37 ) DRERENCINE

where Ags = <]\72 :]T\L;Sj_ﬁ) with m,n € Z such that 4n — mM =1 and ¢pw(z) = (Mz +
4 — Ms)/2.

Define Qg = q(uo)/\f = q(T1)q(th)/v/2 and Wy = q(Uy). Further define @2 to be the
conjugate of Q> by W4, SO Q’ = q(t)q(T1)/v/2. Then the Kohnen’s plus space at level 4M
is the 2-eigenspace of Q2

5 The minus space of half-integral weight forms

Let M be odd and square-free. In this section we shall define the minus space S, . ., (4M)

k+1/2
of weight k 4+ 1/2 and level 4M and state our main theorem.
We shall first start with defining the minus space at level 4 and then at level 4p for p an

odd prime. We can then extend our definition to level 4M where M is as above.

5.1 Eigenvalues of U,

In order to define our minus space we need to look at eigenvalues of operator U, on the
space of old forms S919(I'o(IV)) where N is any positive integer such that p||V.
For every positive integer n and a modular form F' we denote by

Fo(z) .=V (n)F(z) = F(nz).

Recall that V'(n) is the shift operator sending So(I'o(L)) to Sax(I'o(nL)).
Let M be a positive integer such that p{ M. Let F' € Sor(I'g(M)) be a primitive Hecke
eigenform and a,, is the p-th Fourier coefficient of F. We note the following proposition.
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Proposition 5.1. U, stabilizes the two dimensional subspace spanned by F,, and F,, for
(p,n) =1 and the eigenvalues of Uy, on the subspace (Fy,, Fy,p) are

ap £ /a2 — 4p-1

2

Consequently the eigenvalues of (Up)2 on the two dimensional subspace spanned by F,
and Fy, are either complex or +p2k-1,

ap + =

5.2 Minus space for I'y(4)

We recall the following theorem of Niwa which was obtained by proving equality of traces
of Hecke operators.

Theorem 4 (Niwa [8]). Let M be odd and square-free. There exists an isomorphism of
vector spaces P : Syy1/2(Lo(4M)) — Sap(T'o(2M)) satisfying

T,(¥(f)) = U(T,2(f)) for all primes p coprime to 2M.
Moreover if f € Sy 1/2(L'0(4)) then we further have

Uz(9(f)) = Us(f)),  Tp((f) = (Tpe(f)) for all odd primes p.

We also recall Shimura lift [10]: For ¢ a positive square-free integer, there is a linear map
Shy : Sgy1/2(Do(4M)) — Sax(L'o(2M)) given by

- n . -1 F 13 k—1 n2 n

s (o) -3 (S (5) () (25) ) o
n=1 n=1 \ d|n

Shy commutes with all Hecke operators, i.e., T,(She(f)) = Shy(T},2(f)) for all primes p

coprime to 2M and U, (Shy(f)) = Sh(Up2(f)) for all primes p dividing 2M.

We need the following theorem of Kohnen.

Theorem 5 (Kohnen [5]). (1) dim(S™(4)) = dim(Sax(To(1)).

(2) ST(4) has a basis of eigenforms for all the operators T2, p odd.

(3) If f is such an eigenform then ¥(f) is an old form and ¥(f) = AF + BF» where
F € Sor(To(1)) is a primitive eigenform determined by the eigenvalues of f.

Define AT (4) = W4ST(4). We know that S+(4) is the 2-eigenspace of @), hence AT (4)
is the 2-eigenspace of Q3. Following above theorem of Kohnen we have dim(A*(4)) =
dim(S2x(I'0(1)) and following observation.
Corollary 5.2. (1) A*(4) has a basis of eigenforms under T2 for all p odd.

(2) ¥ maps AT (4) into the space of old forms in Sor(To(2)).

We prove the following proposition.
Proposition 5.3. ST(4) (N AT(4) = {0}.
Proof. Suppose there is a nonzero f € S*(4) () A*(4). We can assume that f is an eigenform
under Tp2 for all p odd (as such T}, itabﬂizes the intersection ST(4)NAT(4)). Then Qa(f) =
2f = Q4(f). This implies that UyWy(f) = 2Ff = W4U,(f). Thus

(UDA(f) = 2 U Wa(f) = 2° f.

Applying v to the above equation we get that (U)2(¢(f)) = 2269 (f). Now o (f) € (F, F»)
for some primitive form F € So1,(I'9(1)) and by Proposition 5.1, the eigenvalues of (Uz)? on
this subspace are either complex or 225~1. This is a contradiction. ]
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Define S, » (4) to be the orthogonal complement of S*(4)® At (4). That is, Sl;+1/2(4)

is the common eigenspace with the eigenvalue —1 of the operators @2 and @’2 We shall
write Sl;+1/2(4) simply by S~ (4). Thus
Skt1/2(To(4)) = ST(4) @ AT(4) © S~ (4).

We now state our main theorem for the minus space at level 4.

Theorem 6. S™(4) has a basis of eigenforms for all the operators T2, p odd; these eigen-
forms are also eigenfunctions under Uy. If two eigenforms in S™(4) share the same eigen-
values for all T2 then they are a scalar multiple of each other. v induces a Hecke algebra
isomorphism:

g

ra1/2(4) = 55 (Co(2))-

5.3 Minus space for I'y(4p) for p an odd prime

In order to define minus space for I'g(4p) we need the involution sz, the operators Uz, va

and QV]’D = ngép’vag on Si11/2(To(4p)) that we defined in Section 3.
Consider the subspace V(1) of So;(I'0(2p)) coming from the old forms at level 1, that is,

V(1) = S2k(To(1)) & V(2)S2k(To(1)) & V(p)Sar(Lo(1)) & V(2p) Sar(Lo(1))-
We consider the eigenvalues of (U,)? on V(1).

Lemma 5.4. The operator U, stabilizes V(1). If an eigenvalue X of (U,)? on this space is
real then \ = +p?+—1.

Let R:= ST (4) ® AT (4). Then we have
Proposition 5.5. R() WN/sz = {0}.

Remark 2. The proof of the above proposition is similar to proof of Proposition 5.3. In
Proposition 5.3 we use the fact that Niwa’s map ¢ commutes with Uy, but we do not know
whether 1) commutes with U, when p divides the level. However Shimura lift Sh; does
commute with U, for primes p dividing the level and so we instead use Shy in Proposition 5.5
and then apply Lemma 5.4 to arrive at a contradiction.

In the lines of Corollary 5.2(2) we have the following.
Corollary 5.6. Niwa’s map v maps R ® WN/sz isomorphically onto V(1).

Next we consider the following subspace of Sor(I'o(2p)) coming from the old forms at
level 2,
V(2) = 53" (To(2)) © V(p) Sz (T'o(2))-

This space is a direct sum of two dimensional subspaces spanned by F' and Fj, where F' is
a primitive Hecke eigenform in S3%(I'g(2)). Using Proposition 5.1 we have the following
lemma.

Lemma 5.7. If an eigenvalue \ of (Up)? on V(2) is real then \ = £p?F~1.

Since (by Theorem 6) ¢ maps S, ; /2 (4) isomorphically onto S5 (I'g(2)), it follows that

¢ maps W2 S, /2(4) into the space V(2). The proof of the following is identical to that of

Proposition 5.5.
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Proposition 5.8. S];+1/2(4) ﬂwp25,;+1/2(4) = {0}.

Corollary 5.9. 1y maps S,C_+1/2(4) <) sz S];+1/2(4) isomorphically onto V(2).

Finally, we consider the following subspace of Sax(I'o(2p)) coming from the old forms at
level p,

V(p) = S5 (Fo(p)) ® V(2)53™ (To(p))-
This space is a direct sum of two dimensional subspaces spanned by F' and F, where F' is
a primitive Hecke eigenform in SHe%(I'o(p)). We have

Lemma 5.10. If an eigenvalue \ of (Uz)? on V(p) is real then \ = +22+~1.

Let S5 (4p) be the new space inside the plus space in Sy, /2(To(4p)). Kohnen [6,

k+1/2
Theorem 2| proved that 1) maps S;ﬁe/vg S;jﬁe/vgv

the dimension of S5E™(I'g(p)). Then as before ¢) maps W452+T72V(4) into the space V(p) and
we have the following proposition and corollary.

Proposition 5.11. S;ﬁe/‘;’(llp) ﬂWALS;’Lnle/V;(ZLp) = {0}.

Corollary 5.12. ¢ maps S:ﬁe/vzv(4p) @ W;;S;ﬁe/‘g(élp) isomorphically onto V(p).

(4p) into V(p) and the dimension of (4p) equals

We define the following subspace of Sy 1/2(I'o(4p)),
E=R&WpR® S, ,(4) & WS, 5(4) S 175 (4p) & WaS 175 (4p).

By Corollary 5.6, 5.9 and 5.12, we get that 1) maps the space E isomorphically onto the old

space S‘Q’,id(f‘o(2p)). We define the minus space to be the orthogonal complement of E under

the Petersson inner product. That is,

g

wi12(4p) = E*.

Theorem 7. S,;+1/2(4p) has a basis of eigenforms for all the operators T2, q an odd prime
different than p, uniquely determined up to a mon-zero scalar multiplication. ¢ maps the
space Sk_+1/2(4p) isomorphically to the space S5." (I'o(2p)).

Let f €5, 1 /2(4p) be a Hecke eigenform for all the operators Tj2 as above. It follows

that F':=1(f) is a Hecke eigenform in S3e™(I'g(2p)) for all the operators Ty, (¢,2p) = 1.
Also, Up(F) = —p*IA\(p)F where A\(p) = £1 and Us(F) = —2F"1\(2)F where A(2) = £1.
We have the following

Proposition 5.13. Let f € Sl;+1/2(4p) be a Hecke eigenform for all the operators Tz, q
prime and (q,2p) = 1. Then

Up(f) ==p"""A)f, Ua(f) ==2""A2)f

where A(p) = £1 and X\(2) = £1 are defined as above. Further, szf =B(p)f, Wif = B(2)f
where B(p) = £1, B(2) = 1.

Corollary 5.14. Let f € S,;+1/2(4p). Then @p(f) =—f= @;,(f), Qa(f) =—f = @é(f)

Consequently, we have the following characterization of our minus space as an intersec-
tion of —1-eigenspaces.

The(irem 8. Let ff Skt1/2(4p). Then f € S£+1/2(4p) if and only if Qp(f) =—f= Q;(f)
and Q2(f) = —f = Q5(f).
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5.4 Minus space for I'((4M) for M odd and square-free

Let M # 1 be an odd and square-free natural number. We write M = p1ps - - - px. For each
i=1,...,k define M; = M/p;. Since Sj1/2(I'0(4M;)) is contained in the p;-eigenspace of

épi (Corollary 3.2(5)), following the proof of Proposition 5.5 we obtain that
Proposition 5.15. Sj1/2(To(4M;)) (\W,2Sy1/2(To(4M;)) = {0}
Corollary 5.16. The Niwa map
Y Spi1/2(Lo(4M)) — Sap(To(2M))
maps  Sp11/2(Lo(4M;)) @ Wp25k+1/2(F0(4M1’)) isomorphically onto  Sor(To(2M;))®
V(pi)Sar(To(2M;)).

Let S;JFHIG/Z(ZIM ) be the new space inside the Kohnen plus subspace of Sj1/2(4M). Then

similarly we have

Proposition 5.17. S;ﬁe/vg(ZlM) N W4S;+IEV2V(4M) = {0}.
Corollary 5.18. 1) maps S,jﬁ’jﬁ(le)@%S,jﬂ}Z(le) isomorphically onto S5 (Fo(M)) &
V(2)S3" (To(M)).

We let B; = Syy1/2(To(4M;)) ® W2 Sk i1/2(Do(4M)), i = 1,... k. Define

k
B =3 Bi® ST (4M) & WaS T, (4M).
i=1

Proposition 5.19. Under v the space E maps isomorphically onto the old space
SGA(To(2M)).

We now define the minus space to be the orthogonal complement of F,

5

w1 /p(4M) == E*.

k+1/2

where q is an odd prime satisfying (q, M) = 1. Under 1, the space S];+1/2(4M) maps

isomorphically onto the space Sy (Uo(2M)). If two forms in S,;+1/2(4M) have the same

Theorem 9. The space S (4M) has a basis of eigenforms for all the operators T,

eigenvalues for all the operators T2, (q,2M) = 1, then they are same up to a scalar factor.

As before we can characterize our minus space as intersection of —1-eigenspaces.
Theorem 10. Let f € Sy 1/2(4M). Then f € S,:+1/2(4M) if and only if @p(f) =—f=
Qvg,(f) for every prime p dividing M and Qo(f) = —f = @’Q(f)

5.5 An example
The space S7/5(I'9(12)) is three dimensional and is spanned by

g1 = q— 4g* — 64° +8¢7 + 9¢° + 4¢"° + 12¢"% — 204" — 244" + - .- |
9o = ¢ — 21 +2¢7 — 24" — 6¢"% + 12¢'° — 10¢"* + 12¢** + - - - ,
g3 =q>— ¢ —4¢° + 3¢5 + 4¢® + 2¢" — 4¢" —8¢M + 164" + - - - .
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We have two primitive forms of weight 6 and level dividing 6, namely Fj of level 3 and Fj
of level 6. Using algorithm in [9] we have

S7/2(To(12)) = S7/2(12, F3) © S7/2(12, F6) = (91, 92) © (93)-

+.(12) = (g2). The minus space S ,,(12) =

Note that g9 is in the plus space, so we have 57/2 7/2

S7/2(12, Fs) = (g3)-

Remark 3. (1) In general, S, ,(4M) = @ Sp11/2(4M, F) where F runs through all
primitive forms of weight 2k and level 2M.

(2) The Kohnen plus space is given by well-known Fourier coefficient condition. But we
do not expect any such Fourier coefficient condition for forms in our minus space. This is
also evident from the above examples.
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