The exponential Diophantine equation a* + (a 4 b)Y = b

and related conjectures
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oooooooo.
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00000000000 (z,m,n)=(c—1,1,2)0000000000. [T40000,00
00000000000000,2<¢<3000¢#12,24000000000000000
00O0.o000
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O,c=e¢—-100000000 (1)OOOO0OO0O0O0.000 (200000000
a®+ (2a+1)Y =(a+1)*

oo00obOoD «,y,z00000000D00DO00. 0D0ODO0OD, «,b0 1000000000
ugooo,ooooon
a®+ (a+ b)Y =b*

gbogboobobooboouoboobuoboobob,obboboobooobogad
g, bgooooooan.

OO0 1.q, b00000D0O00OO0OO01I0DOO00DOOOOOOOD.DOOD,0D0O0O0DO

a® + (a+ b)Y = b (3)
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0,0030000 (i), (i), (ii)0000,00000 (¢,y,2)00000.00030000
0,0000000000000000:

(i) a4+ 2a+1)Y=(a+1)?* (r,y,2)=(2,1,2) (e>2000),
(r,y,2) =(1,2,3), (2,1,2) (e«=2000),
i) @"=1)"+2"+1)¥=2% (zr,y,2)=(1,1,n+1) (n>2000),
(x,y,2)=(1,1,3),(1,3,7),(3,1,5) (n=2000),
(i) (Dy) 37+10Y="T (z,y,2) = 623%
(D) 5%+ 7Y =2% (z,y,2) = (2,1,5),
(D3) 279% 4 284Y = 5%, (x,y,2) = (2,1,7).

00 (i), (i), i) D000,Baker 000000000000, 00000 3)0000O0O
gbooaoo.

00 1. (i), (i), (i)00000,0010000.

00,eb000000000w,v,w00002000000,00000 (3)00000
O00000000.000,3)0000000000000 ¢+ =c*0000000
ugboobobogoad.

2 00

gobodoboooooboobooobobooboobooboon.

00 1 (Bennett [Be]). ¢, b0 0000000000 100000000DO00OO0.O0OOO,
googn
a®* —b =2

u,bgobouoobbdf z,y000.

00 2 (Nagell[N]). 00OO0O0O0O0O0O0,00000000 x,y,z000000000:

(N1) 3" +5Y=2% (z,y,2)=(1,1,3), (3,1,5), (1,3,7),
(N2) 57 +7=2% (1,9,2)=(2,1,5),

(N3) 2°+5Y=3% (2,y,2) =(1,2,3), (2,1,2),

(Ng) 2*4+3Y=5% (v,9,2)=(1,1,1), (4,2,2).

00 3 (Seott [S]). ¢, b 00000000000 1000000000000, 0000, 0
oooo
a® + b = 27

0,00200000000,0000000000 #,y,2000.00020000 (a<bd)
0,000000000000:

(a,b,c) =(3,5,2); (z,y,2)=(1,1,3), (3,1,5), (1,3,7),
(a,b,c) = (3,13,2); (z,y,2)=(1,1,4), (5,1,8).
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PillaiO OO C*—-BY=A00000000000000,200000 linear form O OO
DDDDDD.DD,DDDDDDDD.al,aQDDDDDDDD.DDD,|a1|21,|a2|21
O00. 00 linear form 0000

A =bylogas — bylogay,
O000,b6,000000000.000000,00nn00000 o0 logarithmic heightO
1 n
hia) == |1 1 {1’ (J')}
(@) " og]aol—i—jz::l ogmax < 1, ||

00000000.000,a0 «0 (Z00)000000000000, (@9)1<j<, 0 a
000000. A, 4,0 100000000

1 i 1
log A; > max{h(ozi), [ 1og il }

D 'D
(ie€{1,2)0000000. 000,D0 Q(m,a2) 0 QOOOODOODO. ¥ O

b1 bo

b =
Dlog A, * Dlog Ay

00000. Laurent [La, Corollary 2] (m =10, C, =25.2)0000000000.

00 4 (Laurent [La)). a1 > 1, ap > 10 ADOODOOO00O. vy, e OO00OO0OO0DOOO
ugod.ooog,

1 2
log |A| > —25.2D% (max {log b +0.38, 1?}) log A1 log As.

3 001, ()Ho0Ooo

0o0o000,00000

a® + (2a+1)Y = (a + 1)* (4)

000.e=2000,00 200,00000 4000000 (z,9,2) = (1,2,3), (2,1,2)
00000. 000,e >20000000. 0000,e>2000 40000000
(r,y,2)=(2,1,2)0000000000.

00,00000 400 2,y,200000000000000000000. 000 (4)
00000 moda, a+1, ¢ (¢+1)’0000000000000000

00 1. 2,920 (4)00000. 0000,
()eODOOOx>1000,#,:0000y000000.
(i) e 000000,20000y000000.

00 1,()00000030000000000:

eoU00OUO0Oz>1 ea0D0ODOxz=1 e 0DO.
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3.1 «UO0O00O02z>1000

obob0d,«00000z>1000000.0000,00 100 2,z2000,y000
U00.z=2X,2=2Z000.

Miyazaki [Mi5, Theorem 3]0 0000, X,y,Z00000000000. «0000O
a>400000.

log(2a + 1) —log2
log 2

00 2. (1) X < < 1.5log(2a +1) — 1.

loga
2)y < X +1<3log(2a+1) — 1.
()y_log(\/m—l) g(2a+1)
log(2a + 1)
7 < — 2 4.21og(2 1) —1.4.
) 2 < gy < a210g(2a-+ 1)

y=2Z000,00000 40000000 X=y=Z=1000.00,a¢0000
y>100000
(a® +2a+1)Y — (2a + 1)Y
(@a>+2a+1)— (2a+1)

goooobooa,

5(a? +2a+1)Y — (2a+ 1)Y
(a>+2a+1)— (2a+1)

X =(@+1)% - 2a+1)=a

00 X=y=Z=1000.00000y#£200000.
00,|ly—2z/0ooooooooo.

00 3.a/2<|y—Z|.
Proof. (4)0 mod ¢?00000,
14 2ay =1+ 2aZ (mod a?).
D00 y=Z (moda/2)000. y#2Z00,a/2<|y—Z/00000. O
00,00 2,300000000,
a/2<|y—Z|<y+Z < 72log(2a+ 1) — 2.4

O00.0000ae<65000.000,Magma [BC]O00,4<ae<65000000000
(40000000 X=y=Z=100O0OOOOOOOOOODOOO.

3.2 oUUO0O0O02z=1000

00000,e000002=1000000.00 100000000000 z#y (mod 2)
O0000000000,y000000.0000,00000 (4)0 PillaiDO0O

(@a+17 - (2a+1)¥ =a (5)

goog.
gb,y000bo0boooogaon.
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00 4.yz“;2.

Proof. (5)00 »>20000000.y000000, (5)0

a+(1-2(a+1))Y=(a+1)*

O00.000 mod (a+1)200000,

a+1—-2(a+1)y=0 (mod (a+1)?).
O002y—1=0(mode+1)00000. OD0000O0OO0O0OOOODO. O

ud,y0oooooooaon.

00 5. y < 2521log(a+1).
Proof. (5)00,00 200000 linear form 0000

A =zlog(a+1) —ylog(2a+1) (> 0).

000 log(l+t)<tfort>000000,

(a+1)7 a a
A=log——F— =1 1
O<A=loer = loe\ M Gaiiyw ) < Gat iy (6)
goo.ooo
log A < loga — ylog(2a + 1). (7)

00,00 40000 A0D0000O0O0O0O. 00 400
log A > —25.2 (max {log ' + 0.38,10})” log(2a + 1) log(a + 1), (8)

000,V =y/logla+ 1)+ 2/log(2a + 1).
(2a+1¥*'> («+1)*000000000000. OO,

(2a+ 1) —(a+1)" = 2a+1)((a+1)* —a) — (a+ 1) = 2a(a + 1)* — a(2a + 1) > 0.

ooo0,¥ <(y+1)/logla+1)000.
M=y/loga+1)000. 20000 (7)0 (800000000,

ylog(2a + 1)

1 2
<loga+25.2 (max {log (2M + wm) +0.38, 10}) log(2a + 1) log(a + 1),

000
M < 1+25.2(max {log (2M + 1) + 0.38,10})?
000. 00000 M<2521. 00000 500000000. O
00 4,500

a+2

< 2521(2a 4 1)

O00. 00000 m<55035000. Magma [BC]OO,m <550350 00000000
(h)0000O0OD0OO0DOoOoOoOoooooO.
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3.3 o«0UOO0O0OO

00000,¢000000000. 2<2000,00000 )00 (z,y,2)=(2,1,2)
00000000000000000. 000,->300000.00100,20000y
000000.0000,00000 4)0

@ —(1-2(a+1)" = (a+1)° (9)

O000.000 2=2X000. (4000 Bugeaud [Bu] OO0 linear form O p 00000
O000,a<67573000.a¢<6773000000000 (5)0000000ODOOOOODO
O000.00000 1,H))000ooooo.

4 001, (i), ()00 0

(i) 00000 2,30000.
(iii) (D) Case 1: y=1. 0000 3*+2=7% (mod 8), 00000000 D0.
Case2: y=2. 000000 100,00000

7% — 3% =100

0000000 (z,2)=(53)000.
Case3: y>3. 00003 =7 (mod 8)000. 000 2, 200000 z=2X, z2=27
oooo,
(2-5)Y = (7% + 3%) (77 — 3%).

gboogoo,bog20000000:

74 43X = ou-1 74 + 3% = ou-15y
oon (10)
72 F3X=2.5Y 723X = 2.

000 (10)000000000020000000000
74 =2v72 4 5Y

000.0000y>50000000,mod800000,72=5Y (mod 8), 000 y, Z0
gogooo.oooo,
(2W=2/2)2 L (59/2)2 = 0 (mod 7)

gbooa,bgobooaobobdg.
000 (lo)D000oooo0o0o0 20000000000

74 = 9¥725Y 4 1.

00029259 =72 -1=0(mod 3), 000000000,
(D) 00000 20000.
(D3) Case 1: y =1. Bennett [Be]JO0OO00,00000

5% — 279" = 284
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0000000 (z,2)=(2,7) 000000000
Case2: y>2. 0000 7=5*(mod8)000. 000 2, 200000,2=2X,2=27
ood.ooon
(4-71)Y = (5% 4 279%) (57 — 279%).

(D;))0D00000,000000000ODO0000DOOOODOOO.

5 00000dd"+(e+b)=0"000000000

00§340,00 10 (i), (ii), (i) 0000000000 a®+ (a+ b)Y =6°000000
2,5, 00000000. 00000,00000 ¢+ (e+b)¢Y=0b0000000000
00.¢b0000,000000030000002000000000.

00000000 (we,w)0000000000000000000000O0O000:

u=m?>—-n? v=2mn, w=m>+n? (11)

000, m,n0 m>n,gedim,n)=1,m#n (mod 2)00000000000.
00,ab0 (11)0n=10000m—-n=100000000000 (uwv,w)0OO0O 2
gooo.doobo, 0o l1goobouooooon.

00 2.mO000000.0000,00000000000000 (x,y,2) 00000

m? — 1)* 4+ (2m*)¥ = (m® + 1)%,
m? +1)7 + (2m?)Y = (m* - 1)%,
m? + 1) + (m+1)% = (2m)?,

2m — 1)% + (2m?)Y = (2m? — 2m + 1)?,
2m? — 2m + 1)% + (2m?)¥ = (2m — 1)=.

A~ Y~~~
BRI
— — ~— ~— ~—

Proof. (P1) (P1)0 mod m*00000, (-1)*=1(mod m?) 000 x0000000. O
O (P)0mod2m?00000,

2

1 —m?z =1+ m?%z (mod 2m?),

000 z=2(mod2)000. 00000,2000000,:000000.
O0x=2X,2=2Z7000.000,X,Z00000000.3)00,00 A, BOOO
0oo0ooo00:
(2m?)¥ = AB, (12)

oo
A=m?+1)7 +(m?* -1, B=m*>+1)7% - m?-1)*. (13)

0000, ged(A,B) =20
A=1+(-1)* (mod m?), B=1-(-1)% (mod m?)

ooooooo.
X0OO0OOOOOO. 0000 A =2 (medm?)000. mO00000, 0000,
A=2(mod4),A/2=1 (mod m)000O. (12), (13)00,A=2 000,

(m? +1)Z + (m? - 1)X =2
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ggaog,gboooboobooog.
XOOOODOOOD. 0000 B=2 (mod4), B/2=1 (mod m)000. (12), (13) 00,
B=2 000,
(m? +1)%7 —(m? - 1)X =2.

00 100,000000000 (X,2)=(1,1)00000. 000 (12), (13)00,
(2m?)¥ = 4m?

OO00oO0,000000000.
(R) (P)0O0ODODO,00000(R)OODODOODODOODO.
(P)mO000000,m?2+1=1 (mod4),(m+1)2=1 (mod4),2m=0 (mod4)000.
D000000000 (R)00D0O00OO.
(P)m=2000,002,(N,)00,000003+8=5°0000000.000 m > 2
O000000d. (P)0modmO0000,1+42Y=1(modm—1)00 2Y =0 (mod m—1)
O000,m>2000000000000000.

(P)m=2000,00000 (P)000 2,(N;)00000000.m>2000, (Py)
000000,00000(P)0000000000000. D

6 UDO0D0D«"+0=cc000000

a,b,c000000000O0DO0ODO0ODOODOO.O0DOO0DOODO0O
a® + b’ =c* (14)

0000000000000000. Mahler [Ma] O, Thue-Siegel 1 000000, (14) O
00000000000 #,y,2000000000. 00, Hirata-Kohno [Hi] O, (a,b,¢ O
00000000)00000000 (14)00 2,5,200000 “effective’ 0000000 .
00000 (14)00000000000, 00 Nagell [N], Hadano [Ha], Uchiyama [U] O O
000.00000,00000000 (14)000000000000000000.
00,00000000000000000.

00 2 (JeSmanowicz [J]). a,b,c0 o>+ b2 =c20000000000000000000
0O0.0000,00000
a® + b =¢f

0,0000000000 (z,y,2) =(2,2,2)000.

00 Jesmanowicz 0000000000000, 00 [Mi2], [Mid], [MYW], [T3]0000
0.00000000000000000.

00 3 (Terai [T1], [T2]). a,b,c0 a? +b1=¢" (000 p,q,r>2) 00000000000
0o0odooooooo.0booo,0000d

a® + b =¢°
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0,0030000 (i), (i), (i) 0000,00000 (z,y,2) = (p,¢,r) 00000. OO0
30000 (e<b)0,000000000000000:

(i) (a,b,c) = (27 7, 3); (% Y,z (17 ) )
(ii) (@@cyzegk—L2“+n;(@y,) (1,1,1)
(iii) (a,b,c) = (1,2,3); (z,y,2) = (m, 1,1

odd,m, n, k>200000000.

OO0 “0000”000000000o0o, 00 Cipu-Mignotte [CM], Luca [Lu], Miyazaki
Mi6) D00 O00O. JeSmanowicz 000 “0000” 0000000000000 OOOO
“shufle” OO0 000000000 OO0O,00200000000A0.

00 4 (Miyazaki [Mil]). a,b,c0 a®>+0*=¢* (b:00)0000000000000000
O0000.0000,00000
4+ b =ad®

0,c=b+10000000000000 (z,9,2) =(1,1,2)000,c¢>b+1000000
00 (x,y,2)00000.

00 5 (Miyazaki [Mi3]). a,b,cd a? +b0¢=¢ (000 p,gr>2)00000000000
0000000000, (a,b,c) 0 (2,7,3), (2,202 -1,22"241) (p >3) 00000000
000O00.0000,00000

"+ =a”

O,¢q=r=200¢=b4+10000000000000 (z,y,2) =(1,1,p)000,000
00000000 (z,y,2)00000.

0O0200000000000,0000000000000
472 =3% 3247=29%
4 (P2 12 = (27724 1)%, (2PEP41) 4+ (2P —1) =271
000,00100000,000000
00 6.6, b000000000001000000000000.0000,00000
a® + b = (a+b)* (15)

0,0030000 (i), (), (i)0000,00000 (2,y,2)=(1,1,1)00000. 000
300000,000000000000000:

(i)  10* +3Y = 137 (z,y,2) = (1,1,1), (1,7,3)
(ii) 897 + 2¥ = 91%; (x,y,2) = (1,1,1), (1,13,2)
(i) (P -1 +2v = 2"+ 1% (z,y,2) = (1,1,1), (2,k+2,2) 000 k> 2.

O0600000000O0ODOODO.b=20000, [MT], MTY|]OOOOD 600000
oooDbooboobO,yp=3000000000000D00O0OO.
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