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Abstract

We present generalizations of some results of Coates, Sujatha and Wintenberger on
the vanishing of certain Galois cohomology groups of large Galois extensions with values
in the p-adic representation associated with an elliptic curve.

The author thanks Yuichiro Taguchi who suggested the topic of this work and the or-
ganizers of the 8th Fukuoka Number Theory Symposium for giving him the opportunity
to participate in the symposium.

1 Introduction

The determination of the vanishing of cohomology groups of p-adic representations of com-
pact p-adic Lie groups was motivated by the study of Euler characteristics of such representa-
tions. The interest for these Euler characteristics arose from a paper by Coates-Howson [3],
where the authors proposed the idea to develop the Iwasawa theory for elliptic curves de-
fined over number fields, over the infinite p-adic Lie extension obtained by adjoining the
coordinates of all p-power torsion points of the elliptic curve. Iwasawa theory relates Eu-
ler characteristics of p-adic representations of elliptic curves for certain p-adic Lie groups
to special values of L-functions. An important hypothesis towards generalization of their
methods to larger Galois extensions is the vanishing of the cohomology groups associated
with p-adic Galois representations defined by elliptic curves (cf. [4], [15]).

This note aims to discuss the results of [5] on the vanishing of cohomology groups with
values in a geometric p-adic Galois representation with respect to some Galois extensions
which contain all the p-power roots of unity. In particular, we consider the extensions of a
p-adic field obtained by adjoining the coordinates of p-power torsion points on an elliptic
curve.

Let p be a prime number and K a finite extension of Q. Fix a separable closure K*P
of K. Put Gg := Gal(K®*P/K), the absolute Galois group of K. Let X be a proper smooth
variety defined over K. For each integer i > 0, we let

V= Hgt(Xfa Qp) = @Hét(X?7 Z/p"Z) Xz, Qp

denote the ith étale cohomology group of Xz having coefficients in @, which is a finite-
dimensional vector space over Q,. We denote by

p:Gxg — GL(V)

the homomorphism giving the action of G on the vector space V.
If F is an elliptic curve over K, the Tate-module T),(E) := Hm Ejpn (K®P) of E is a
free Zy-module of rank 2. Set V,(E) = T)(E) ®z, Qp. Then V,(E) is a 2-dimensional

p-adic Galois representation and we denote by pg the continuous homomorphism attached



to V,(E). Its dual V,(E)Y = Hom(V,(E),Qp(1)) is canonically isomorphic to H}(Eg,Qp).
Here, Q,(r) denotes the rth twist by the p-adic cyclotomic character, where r € Z. If EY
is the dual of E then the Weil pairing implies that we may identify V,(E) canonically with
Vo(EY)Y. Thus V,(E) is canonically isomorphic to Hg (EY, Qy).

For a general finite-dimensional vector space V over Q, and a compact subgroup G of
End(V), we write H*(G,V) (i = 0,1,...) for the cohomology groups of G acting on V
defined by continuous cochains, where V' is endowed with the p-adic topology.

Definition 1.1. The vector space V' has vanishing G-cohomology if the cohomology groups
H™(G,V) are trivial for all n > 0.

For a Galois representation (p, V) as given above, we denote by K (V') the fixed field
in K®%P of the kernel of p. If V = V,(E) is given by an elliptic curve E over K, the field
K(V,(E)) is the Galois extension obtained by adjoining the coordinates of p-power division
points of E. We use the notation K(E) instead of K(V,(E)) in this case. For a subfield L
of K3, let G'1, denote the subgroup of G corresponding to L. Let K (pp~) be the smallest
field extension of K which contains all the roots of unity of order a power of p. Denote
by Gy (resp. Hy) the image of G (resp. Gy o)) under p. As Gk (resp. Gg(y,00)) i8
a profinite group, the group Gy (resp. Hy) is a compact p-adic Lie group contained in
GL4(Zp), where d = dim V. The group Gy (resp. Hy ) can be realised as the Galois group
of K(V) over K (resp. K(jp>)). In their study of Euler characteristics of p-adic Galois
representations, Coates, Sujatha and Wintenberger proved the following result:

Theorem 1.2 ([4], Theorems 1.1 and 1.5). Let X be a proper smooth variety defined over
K with potential good reduction. Let i > 0 be an odd integer and V = Hét(X?, Qp). Then
V' has vanishing Gy -cohomology and vanishing Hy -cohomology.

Remark 1. Note that the hypothesis of potential good reduction is necessary. For instance,
if V= V,(F) where E is an elliptic curve with split multiplicative reduction, then the
theory of Tate curves shows that in this case we have H(G K (jpoo)» V) = Vp(n), provided K
contains the pth-roots of unity if p is odd or the 4th-roots of unity if p = 2. Here, V,,(p) is
the Q,-vector space given by the action of G on the p-power roots of unity. It is likewise
necessary to assume that ¢ be odd. If ¢ # 2j is even and X is defined over an algebraic
number field contained in K, then (part of) the Tate conjecture implies that H(Gp, V) is
nontrivial if L contains K (jpe ).

It is then natural to ask whether a similar result can be obtained if the field K (jpe)
is replaced by a larger field L. Consider a Galois extension L/K which contains the field
K (ppe). Put Jy = p(Gr). We ask

Question. When does the vector space V have vanishing Ji -cohomology?

2 Vanishing of H'(Jy,V)

In this section we line up some known results about the vanishing of the group H°(.Jy, V).
For a p-adic Galois representation V' as in the previous section, let T" be a G g-stable Z,-
lattice. It is of great importance to determine whether the group HY(Jy,V/T) is finite or
not. Establishing the finiteness of this group for Jy given by arbitrary p-adic Lie extension
allows us to weaken hypothesis of many theorems in Iwasawa theory (cf. [9], Section 6). The
finiteness of the group H°(.Jy/,V/T) is equivalent to the vanishing of the group H®(Jy, V)
(cf. e.g. op. cit., Lemma 2.1). Although the results that we will discuss in this subsection



were originally stated in terms of H°(Gp,V/T), we will restate them in terms of H°(.Jy, V)
via the aforementioned equivalence statement.

The first related result was obtained by Imai [7]. Theorem 1.2, as well as the succeeding
results that we will mention provide generalizations of this theorem.

Theorem 2.1. Let A be an abelian variety over K with potential good reduction and consider
the vector space V = V,(A) given by the Tate module of A and let L = K(up~). Then the
group A(L)[p™] is finite. That is, the group H°(Jy, V) vanishes.

In [11], Ozeki considered the case when the field L is obtained by adjoining to K the
coordinates of p-power torsion points of an abelian variety. Suppose A/K is an abelian
variety with potential good ordinary reduction and consider V' = V,,(A). In this case Ozeki
determined, under suitable conditions, a necessary and sufficient condition for the vanishing
of H(Jy, V). Let L be a Galois extension of K. Following op. cit., we say that the residue
field kp, of L is a potential prime-to-p extension if the p-part of the degree of kj, over k is
finite. Then we have the following result

Theorem 2.2 ([11], Theorem 1.1 (2)). Suppose A is an abelian variety with potential good
ordinary reduction over K. Assume L contains K(A[p]) and K(up=). Then H°(Jy,V)
vanishes if and only if ki, is not a potential prime-to-p extension of k.

In the case where V = V,(F) and L = K(E.) are given by elliptic curves E/K and
E'/K such that F has potential good reduction, Ozeki further proved the following

Theorem 2.3 ([11], Theorem 1.2). The group H°(Jy, V) vanishes in the following cases:

E £
. supersingular
ordinary multiplicative
ordinary
supersingular supersingular with FCM*
with FCM supersingular without FCM
multiplicative
ordinary
supersingular supersingular with FCM
without FCM supersingular without FCM*
multiplicative

In the table above, FCM means formal complex multiplication. An elliptic curve E over
K with good supersingular reduction is said to have formal complex multiplication over K if
the endomorphism ring of the p-divisible group £(p) associated with the Néron model € of E
over O is a Z,-module of rank 2. The symbol * means that the vanishing holds under some
suitable condition. The reader is encouraged to consult [11], particularly Propositions 3.10
and 3.11 for more details. The results that we will present provide an extension of the above
theorem.

In a recent paper [9], Kubo and Taguchi studied the vanishing of H°(Jy,V) in the
general setting where K is a complete discrete valuation field of mixed characteristic (0, p).
This includes the possibility that the residue field k£ of K is imperfect. For this setting, let
M be the Kummer extension obtained by adjoining all p-power roots of all elements of K*.

Theorem 2.4 ([9], Theorem 1.2 (i)). Let K be a complete discrete valuation field of mized
characteristic (0,p). Assume X is a proper smooth variety over K with potential good
reduction and i an odd integer > 1. Put V. = H' (X%, Q). Then the group H°(Jy,V)
vanishes for any subfield L of M.



Remark 2. Theorem 2.4 is just the p-part of the main result of Kubo and Taguchi. In
fact, they also considered the [-adic cohomologies (cf. op. cit. Theorem 1.2 (ii)). With the
notation and hypothesis in the theorem above, assume in addition that the residue field k of
K is an algebraic extension of finite separable degree over a purely transcendental extension
of a prime field (essentially of finite type in the language of [9]). Let [ # p be a prime. Then
they proved that for the Q;-vector space V = Hét(Xf, Qy), the group of Gr-fixed points
H°(G 1, V) vanishes for any subfield L of M.

3 Preliminaries

3.1 Vanishing of Lie algebra cohomology

Let F' be a field of characteristic 0 and U a finite dimensional vector space over F. Let &
be a finite dimensional Lie algebra over K. Suppose we have representation of Lie algebras

7:6 — End(U)

We write H"(®,U) for the Lie algebra cohomology groups of U. These cohomology groups
are vector spaces over F'.

Definition 3.1. The vector space U has vanishing &-cohomology if the Lie algebra coho-
mology groups H"(®,U) are trivial for all n > 0.

If Z is an element of &, we write A(Z) for the set of distinct eigenvalues of 7(Z) in an
algebraic closure of F'.

Definition 3.2. Assume 7 is faithful. We say that 7 satisfies the strong Serre criterion if
there exists an element Z of & with the following property: for every nonnegative integer
k, and for each choice aq,...,ak, B1,- .-, Bk, Brr1 of 2k + 1 not necessarily distinct elements
of A(Z), we have the following relation

o+ tap#E Pt e
(when k = 0, this is interpreted as meaning that every eigenvalue of 7(Z) is nonzero).

Lemma 3.3. If 7 satisfies the strong Serre criterion, then U has vanishing &-cohomology.

3.2 Vanishing of Hy-cohomology

In this subsection, we recall how the vanishing of Hy-cohomology was proved. Recall our
vector space V = Hgt(X?, Qp), where X is a proper smooth variety with potential good
reduction over the p-adic local field K and 7 is an odd positive integer. Replacing K with a
finite extension, we may assume that X has good reduction over K. Then V is a crystalline
Galois representation. Let Ky denote the maximal unramified extension of @, contained in
K. We recall that V is said to be crystalline if

DcryS<V) = (Bcrys XQ, V)GK

has dimension d over Ky, where d = dimg, V; here Bys is Fontaine’s ring for crys-
talline representations. The vector space DcryS(V) is a filtered @-module. This means
Derys(V) is endowed with a filtration (Fil* Dk )iez indexed by Z on Dy := K ®k, Derys(V)
that is decreasing (Fil'™! Dy C Fil' Dg), exhaustive (UjezFil' D = D) and sepa-
rated (N;ezFil' Dy = 0), and o-linear map ¢ : Derys(V) = Derys(V), in the sense that



p(av) = o(a)e(v) for a in Ko and v in Derys(V'); here o denotes the arithmetic Frobenius
in the Galois group of Ky over Q,. Let k denote the residue field of K and suppose it has
cardinality ¢ = p/. Then
d = gpf

is a Ko-linear automorphism of Derys(V). Let A1,...,Ag be the eigenvalues of ® in Q,.
Since crystalline cohomology is a Weil cohomology theory, the purity results in crystalline
cohomology (cf. [2]) implies that the eigenvalues Aq,...,\; are g-Weil numbers of (odd)
weight i (an algebraic number « is called a g- Weil number of weight w if |1(a)| = ¢*/? for
every embedding ¢+ : Q < C).

In addition to above, a deep result of Faltings shows that the vector space V is a Hodge-
Tate representation, whose definition we now recall. For any vector space W over @, and
a field extension F/Qy, put Wr := W ®q, F. Let C be the completion of @p. The Galois
group G acts on C. The action of G on V can be extended to the C-vector space V¢ by

J(Z(vi ®cp)) = Z(a(vi) ®o(c)), vieV,cieCoeGg.

Let x : Gk — Z, denote the p-adic cyclotomic character. For m € Z, we define the set
Vo{m} to be the set of v € Vi such that

o(v) = x(o)™v, oceGg,veV.

The set Vo{m} is in fact a K-vector subspace of Vio. That the representation V' is Hodge-
Tate means that the natural C-linear Gx-equivariant map

&P Veim} ok C) = Vo

meZ

is an isomorphism. In particular, Ve{m} @k C = 0 for all but finitely many m. The
nonzero integers m which occur in the above direct sum decomposition of V¢ are called the
Hodge-Tate weights of V.

Using Fontaine’s theory of unramified Galois representations and Tannakian formalisms,
Coates, Sujatha and Wintenberger constructed a special element of the Lie algebra f)@p,

where § is the Lie algebra of Hy .

Theorem 3.4 ([4], Theorem 3.2). There exists an element Z in the Lie algebra $g such
P
that for a suitable ordering of M1, ..., Aq, the eigenvalues of Z on V@ are
P

logﬂ'()‘lqtl)’ s 710g7r()‘dqtd)7
where ¢ = p! and ti, ..., tq denote the Hodge- Tate weights of V.

Here, the logarithm log, (-) is the extension of the p-adic logarithm to the multiplicative
group of @p for some fixed non-zero element 7 of @p whose absolute value is less than one.
For the proof of Theorem 1.2, the element m may be chosen to be transcendental over Q.
The above theorem shows that for every family a1,...,ak,B1,. .., Bk+1 of 2k 4+ 1 elements
of A(Z), we have

S=(a1+---+ag) = (B1+ -+ Brg1) = log,(x),

where k is a ¢-Weil number of weight m /2, with m an odd integer. In particular, S # 0 and
hence the strong Serre criterion is satisfied for the Lie algebra representation

$g, = End(Vg)



By Lemma 3.3, V@p has vanishing ﬁ@p—cohomology. This implies that V has vanishing $-
cohomology. Finally, by a result of Lazard (cf. [10], Theorem 2.4.10), the cohomology group
H"(Hy,V) is a Qp-vector subspace of H"($), V), for all n > 0. Thus, H"(Hy, V) are trivial
for all n > 0, which completes the proof that V' has vanishing Hy -cohomology.

3.3 Good ordinary reduction

In this subsection, we recall the notion of good ordinary reduction for proper smooth va-
rieties as defined by Bloch-Kato (cf. [1], Definition 7.2) and an important consequence on
the characterization of the étale cohomology groups of such varieties which was proved by
Mlusie [6]. This characterization allows us to obtain an idea on how the inertia subgroup of
Gk acts on these cohomology groups.

Definition 3.5. Let X be a proper smooth variety over K. We say that X has good ordinary
reduction over K if there exists a proper smooth model X over Ok with special fiber ) such
that the de Rham-Witt cohomology spaces H" (), in,) are trivial for all » and all s. Here,
in, is the sheaf of exact differentials on V.

Equivalent statements for this definition are given in Proposition 7.3 of op. cit. When
X is an abelian variety of dimension g, this definition coincides with the property that the
group of k-points of ) killed by p is isomorphic to (Z/pZ)?, which is the classical definition
of an abelian variety with good ordinary reduction.

Definition 3.6. Let W be a p-adic Galois representation. We say that W' is ordinary if there
is a filtration (Fil° W);cz by Gk-stable subspaces Fil* W that is decreasing (Fil‘*! W C
Fil' W), exhaustive (U;ezFil' W = V) and separated (N;ezFil* W = 0) such that the inertia
subgroup I of Gk acts on the graded quotients gr”™ W = Fil” W/Fil"t! W by x", where x
is the p-adic cyclotomic character.

By working on the results of Bloch-Kato and Hyodo, Illusie proved the following char-
acterization of the étale cohomology groups of X with good ordinary reduction.

Theorem 3.7 ([6], Corollary 2.7). Let X be a proper smooth variety over K. If X has good
ordinary reduction, then the étale cohomology groups H ét(X?, Qp) are ordinary in the sense
of Definition 3.6.

Suppose X is a proper smooth variety over K with good ordinary reduction. The result
above implies in particular that for the p-adic Galois representation V' = H, (X%, Qp), the
image by p of the inertia subgroup Ik is representable by upper triangular matrices

. )
*

whose diagonal entries are images by integral powers of the p-adic cyclotomic character.

4 Results

We now present our main results and give a sketch of their proofs. For a p-adic Galois
representation V', recall that p denotes the continuous homomorphism given by the action
of Gg. When V = V,(E) is given by an elliptic curve £, we denote p by pg.



4.1 Statement of Results

Theorem 4.1. Let X be a proper smooth variety over K with potential good ordinary
reduction (in the sense of Definition 3.5) and i > 0 an odd integer. Consider an elliptic
curve E /K with potential good supersingular reduction.

(a) Let V = HY,(X7%,Qp) and L = K(E). Then V has vanishing Jy -cohomology, where
Jv = p(GL);

(b) Let V! = V,(E) and L' = K(V), where V is the Qp-vector space in (a). Then V' has
vanishing Jy-cohomology, where Jy: = pp(Gpr/).

Suppose E is an elliptic curve with potential good reduction over K and assume L =
K (E.,) is given by another elliptic curve E’. By distinguishing the reduction types of E and
E’, we obtain the following result on the vanishing of Jy-cohomology of V' = V,(E), where
Jy = pe(Gr). It also involves the case where E’ has potential multiplicative reduction.
This extends some of the results obtained in [11].

Theorem 4.2. Let E, E' and Jy be as given above. The vanishing of Jy -cohomology of
V =V,(E) is given by the following table:

E E' Jy -cohomology vanish

ordinary No

ordinary supersingular Yes
multiplicative Yes

ordinary Yes

supersingular supersingular with FCM Yes*
with FCM supersingular without FCM Yes
multiplicative Yes

ordinary Yes

supersingular supersingular with FCM Yes

without FCM supersingular without FCM Yes*
multiplicative Yes

The symbol * means conditional vanishing. The vanishing in such cases hold under the
additional assumption that the group E(L)[p*°] of L-rational points of E of p-power order
is finite. We see that for these cases the vanishing of all cohomology groups is determined
by the vanishing of the group H(Jy, V).

Remark 3. When the elliptic curve E in Theorem 4.1 has potential good ordinary reduction,
the vanishing result may not hold because HY(Jy,, V) may be nontrivial. This is easily
observed by taking V' = V,(F) and E’ = E. In fact this observation is valid in a more
general setting (cf. Theorem 2.2).

4.2 Sketch of Proofs

We outline the ideas used in the proofs of Theorems 4.1 and 4.2. The theorem follows
from Theorem 1.2 if we prove that Jy ~ Gal(K(V)/K(V)N L) is an open subgroup of
Hy ~ Gal(K(V)/K(V) N K(up~)). This is equivalent to the finiteness of the degree of
the field extension K (V)N L over K (V)N K(pp). Since Theorem 1.2 holds for any finite
extension of Q,, it does no harm to replace the base field with a finite extension in our
proofs.

The proofs make use of the following description of the Lie algebra g C End(V,(F))
associated with an elliptic curve E over K (cf. [13], Appendix of Chapter IV):



Reduction of g

good FCM split Cartan subalgebra
supersingular non-FCM End(V,(E))
. CM nonsplit Cartan subalgebra
good ordinary non-CM Borel subalgebra
multiplicative half-Borel subalgebra

By a half-Borel subalgebra, we mean the algebra of 2 x 2-matrices with zero entries on
the second row.

Proof of Theorem 4.1. Replacing K with a finite extension, we may assume that X has good
ordinary reduction, E has good supersingular reduction over K and that K (V') contains the
field K (ppe). Let K™ be the maximal unramified extension of K in K*P and put N, =
K(V)N K" (pp). The assumption on X implies that the Galois group Gal(K(V)/Ns) ~
p(Igx NG K(upoo)) consists of unipotent matrices. Thus, its Lie algebra is nilpotent.

On the other hand, since F has good supersingular reduction, the Lie algebra b of the
p-adic Lie group Gal(L/K (up~)) is given by

) Cartan subalgebra of 5l2(Q)), if £/ has FCM,
Csk(@y), if F has no FCM.

We obtain the finiteness of [M : K (ppe)], where M = K (V)NL, from these observations.
U

Proof of Theorem 4.2. After replacing K by a finite extension, we may assume that the
elliptic curves F has good reduction over K and that E’ has good reduction or multiplicative
reduction over K depending on the hypothesis about E’. We consider the following cases:

(Case 1) Assume that F has good ordinary reduction and E’ has good supersingular
reduction, or vice versa. This case is a special case of Theorem 4.1.

(Case 2) Suppose E has good supersingular reduction and E’ has good supersingu-
lar reduction or multiplicative reduction. Then we compare the p-adic Lie groups H =
Gal(K(Ex)/K(pp=)) and H' = Gal(K(EL,)/K (tp=)) or their Lie algebras. Ozeki proved
that in this case, the group E(K (E.,))[p>] is finite if and only if the field K(E) does not
contain the field K(FE’_). This finiteness result and the description of the Lie algebras of H
and H’ allow us to deduce the finiteness of [K(Ex) N K(EL) : K (pp)].

(Case 3) Assume FE has good ordinary reduction and E’ has multiplicative reduction
over K. Then by the theory of Tate curves (cf. [14]), we can express the field K(E. ) in the
following form:

K(BL) = K' (e, 07,
where [K’ : K] < 2 and vp(a) = —vp(jgr) > 0. On the other hand Serre-Tate theory (cf. [8])
allows us to express the field K(Ey) in the form:

K(EOO) = Hw(ﬂp"%(l%ioo),

for some unit element gp in Hy = K(Fs) N K. Note that gg is a root of unity if
and only if F has complex multiplication over K. The finiteness of the degree of the field
K(Ex) N K(EL) over K (up~) follows from Kummer theory. O
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