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Introduction

Let m = ®! 7, be an automorphic cuspidal representation of GL,(Aq). Let S be a finite set
of places of Q including archimedean place such that m, (p ¢ S) is isomorphic to unramified
principal series with Satake parameter diag(oip,...,onp) € GL,(C). The local L-factors
L(s,m,) and L(s,mp, A?) for the standard and the exterior L-functions are defined by

Lis,m) = ] @ —aip™)™ Lis,mpn?) = [ Q- aivaimm™) 7

1<i<n 1<i<j<n

respectively. Let

LS(SaW) = H L(Svﬂp)v LS(877T>/\2) = H L(saﬂpa/\Q)
p¢S pg¢S

be the partial L-functions. Jacquet and Shalika [6] found an integral representation of the
exterior square L-functions and proved an analytic continuation of L°(s,m, A?). Another
integral representation was given by Bump and Friedberg [1]. This zeta integral contains
two complex variables and makes us possible to study the standard and the exterior square
L-functions simultaneously. In the papers [6] and [1], unramified computations are done,
however, study of the local zeta integrals at archimedean and ramified places are not enough.
Then their results are limited to the partial L-functions.

In this article we compute the archimedean local zeta integrals in [1] for GLs. When
Teo 1S the class one principal series, Stade [12] carried out archimedean calculus. Our aim
here is to extend Stade’s result to non-spherical cases. Using our explicit formulas of the
principal series Whittaker functions on GL4 given in [3], we show that the archimedean zeta
integral coincides with the product of two archimedean L-factors. As a consequence we can
prove the analytic continuation and functional equations for the completed L-functions.

Contrary to the zeta integrals method, the Langlands-Shahidi method gives more satis-
factory results. Kim [7] proved the analytic continuations and the functional equation for
the completed exterior square L-functions. Miller and Schmid [8], [9] bring new approach
for archimedean theory, and they also obtained global results for the completed L-functions.

1 Zeta integrals

In this section we recall the zeta integral introduced by Bump and Friedberg [1]. We note
that they worked on GL,,, however, we only look at GL4. In this note the base field is Q,
and we denote by A the adele ring of Q.
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1.1 global Whittaker functions

Let 7 be a cuspidal automorphic representation of GL4(A) with the unitary central character
w. We denote by N the maximal unipotent subgroup of GL4 consisting of upper triangular
unipotent matrices. We fix a nontrivial additive character ¢ = [[, ¢ : A/Q — CcW and

extend it to a character Yn = [[, ¥~ of N(A) by ¥n(n) = (ni2)1(neg)(nas) with
n = (ni;) € N(A). For a cusp form ¢ € 7, we define the global Whittaker function W,
attached to ¢ by

Wo(g) = / p(ng)in(nYYdn, (g€ GLi(A)),
N(Q)\N(A)

which satisfies W, (ng) = ¥n(n)Wy(g) for all (n,g) € N(A)x GL4(A). The space W(r, ) =
{W, | ¢ € 7}, on which GL4(A) acts by right translation, is called Whittaker model of =.
Since the cusp form ¢ is recovered from Whittaker function W, through Fourier expansion

([11])
= D W <<g ?) g>

7EN3(Q)\GL3(Q)

(N3 is the maximal unipotent subgroup of GLj3 consisting of upper triangular unipotent
matrices), we have W, # 0 for ¢ # 0.
The notion of Whittaker model also makes sense over a local field. Let

W(ihy)
= {W : GL4(Q1}) — C smooth | W(ng) = 1/JN,U(7’L)W(9)> V(n,g) € N(Qv) X GL4(QU)}‘

For a smooth irreducible admissible representation 7, of GL4(Q,), we call the image of
7y in W(1),) the Whittaker model of m,, and denote it by W(my,1,). For a cuspidal
automorphic representation m & ®! m,, it is known that each 7, has a unique Whittaker
model. Furthermore, if a cusp form ¢ is decomposable, that is, ¢ — ®,& under the
isomorphism 7 2 ®/ m,, then the global Whittaker function can be factorized as

Wol(g) = [[We.(90). 9= (g0) € GLa(A),

where the local Whittaker function W, is the image of &, € m, under m, — W(1,).

1.2 Eisenstein series

We construct the Eisenstein series on GLa(A). Let @ be a Schwartz-Bruhat function on A2
and n: A*/Q* — CW) a unitary idele class character. We set

fls.9.0.m) = |detgly [ 90020 2 n(z)ds 5 € C.g € CLa(A)
This converges for Re(s) > 1/2 and satisfies
a b a
f(S, (0 d).gaq)an)_‘d
We define the Eisenstein series E(s, g, ®,7) on GLy(A) by

E(s,g,®m) = Y. f(5,79,%,m),
7€B2(Q)\GL2(Q)

S

n~H(d)f(s, g, ®,m).

66



which converges absolutely for Re(s) > 1. Here By is the standard Borel subgroup of GLg
consisting of upper triangular matrices. Since this Eisenstein series can be written as the
Mellin transform of theta function, the Poisson summation leads the following properties.

Proposition 1.1. The Eisenstein series E(s,g,®,n) has a meromorphic continuation to
the whole s-plane, and satisfies the functional equation

E(s,g,®,n) = E(1—s,'g"",®&,n7"),

where ® is the Fourier transform of ®: <I> (21, x2) fAX (y1, y2)¥ (2191 + T2y2) dy1dys. If
n is not of form |- V=17 (o € R), then E(s,g,®,n) is entire. Ifn = |-|V=19 for some
o € R, then E(s,g,®,n) has possible simple poles at s = —y/—10 and s =1 —+/—10.

1.3 global zeta integrals
Let Z be the center of GL4y. We define an embedding J : GLg x GLy — GL4 by

ap b1

[ b1 ) bg o a b2
(gl — <C1 dl) y g2 = (CZ d2>> — J(Ql,gz) - c1 dl

2 do

For a cusp form ¢ on GL4 and s1, s9 € C, we define the global zeta integral by

Z(31a527907 (I)) = / @(J(glagQ))

Z(A)(GL2(Q)xGL2(Q))\GL2(A)xGL2(A)
s1—1/2

det g1 dgidgs.

X E(527927q>7w) detg2

Then the substitution (g1, g2) — (‘g7 *,%g5 ") implies
2(81732)907(1)):Z(1_3171_827&)(/I;)7 (11)

where $(g) = ¢(*g1), and ¢ € 7. Here 7 is the contragredient representation of 7 and has
the central character w™!. Using the Fourier expansion of ¢, we can reach the basic identity
([1, Theorem 2|):

Z(s1,52,¢,®) = Wo(J(91,92))

/Z(A)(Nz(A)XN2(A))\GL2(A)><GL2(A)
det g1 s1-1/2
det g9

:/ / W@(J(gng))
N2(A)\GLa(A) /No(A)\GLa(A)

X ((0,1)go) | det g1 /2| det go| ~* 271/ dgy dgs.

X f(327g27 (I),W)

dgidgs

Therefore, if ¢ is decomposable, then we have

Z(s1,52,,P) = H Zy(s1, 52, Wy, @s).
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Here Z,(s1, s2, Wy, ®,) is the local zeta integral given by

Zo(s1, 83, W, By) = / Wo(J (g1, 92))

N2 (Qu)\GL2(Qu) /Nz(Qv)\GL2(Qu)
X ®,((0,1)g2) | det g1|51*1/2\ det g2|751+52+1/2 dg1dgs,

where Ny(R) = { (é g‘) ne R} .

1.4 Unramified computation

Let 7, be the unramified principal series representation of GL4(Q,). Bump and Friedberg
performed the unramified computation:

Proposition 1.2 ([1, Theorem 3]). Let p < oo be an unramified place. For an unramified
Whittaker function Wy and ®; = chz ez, (characteristic function of Z, @ Zy,), we have

Zp(s1,52, W, ®p) = L(s1,mp)L(s2, Tp, /\2).

2 Representation theory of GL4(R)

2.1 Lie groups and algebras
Let G = GL4(R) and fix a maximal compact subgroup K = O(4) of G. Let N = N(R) and

A = {diag(ai,az,as,a4) | a; >0 for 1 <i <4},

Then we have the Iwasawa decomposition G = NAK. For our later use, we introduce new
coordinates on A by

Y = aly1, Y2, Y3, ya] = diag(y1y2y3Y4, Y2Y3ya, Y3y, Y4),

with y; > 0 (1< < 4).

We denote by g, €, n and a the Lie algebras of G, K, N and A, respectively. Let p be the
orthogonal complement of ¢ in g with respect to the Killing form: p = {X € g = gl(n,R) |
X ='X}. We denote by p® = {X € p | tr(X) = 0}. Let E;; be the matrix unit of size 4
with 1 at the (7, 7)-th entry and 0 at the other entries. For 1 <i,j < n we set

Eij + Eji if i # j,

Kii=E; — E:, X;i=
v e {QEii—(l/Q)EzL if i = j,

where F, is the unit matrix of size 4. Then we have
t= @ RE; = P RX,;
1<i<j<n 1<i<j<n

For a Lie algebra [, we denote by [c = [®gr C the complexification of [. Let f be a smooth
function on G. We denote by R the right regular action of G, and also denote by R the
action of [ determined by the differential of R:

d

RIX)f(o) ==

flgexp(tX)), X cl geG.

This action of [ can be extended the that of the universal enveloping algebra U(lc) of Ic.
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2.2 Representations of K

We introduce finite dimensional representations (7;,V;) (i = 0, 1,2) of K and their basis as
follows:

e 7 : trivial representation on Vy = C = Cuy;
e 71 : the standard representations on V; = C* = @, .., Cuv;;
e 7 : the exterior representation of 71 on Vo = AC* = D1 <icj<a Cvijy

where vg = 1, v; (1 < i < 4) is the i-th standard basis of C*, and v;; = v; Av;. The E-actions
on V7 and V5 are given by

dTl(Kij)Up = 5iji — 5¢p’Uj,
dra(Kij)vpg = Gjpviq + 6jqUpi — dipVjq — GigUp;-

We note that 73 is direct sum of two (3-dimensional) irreducible representations.
For 6 € Z/2Z, let 7(; 5 be a representation of K on V; given by

i) (k) = det(k)°r;(k), k€ K.

2.3 Principal series representations
Let M be the centralizer of A in K:
M = {m = diag(mi, ma, mg,mq) | m; € {£1} (1 < i <4)}.
For a subset I of {1,2,3,4} we define a representation o; of M by
or(diag(mi, ma,mg,ma)) = [ mi',
1<i<4
where 0; = 6; 1 (1 <1i < 4) is given by
0 ifi¢l
8 =01 = ’
Pt {1 ifiel.

A linear form v € Hompg (a, C) is identified with a tuple of complex numbers (v, vo, V3, v4)
by v(E;;) = v;. We define a character e” of A by
e’(a) = H a;', a=diag(ai,as,as3,a4) € A.
1<i<4
Let p be the half sum of the standard positive roots of (g, a). Then we have e”(a) = a}a3as3.
Under the data above, we call the induced representation

iy = Ind%AN(U[ X €V+p & IN)
the principal series representation of G. The representation space Hy , is
Hr, ={f € L*(K) | f(mk) = o;(m)f(k) for (m,k) € M x K},
on which G acts by
(71,0(9)) f (k) = a(kg)" " f(r(kg)).
Here g = n(g)a(g)k(g) (n(g) € N,a(g) € A,k(g) € K) is the Iwasawa decomposition of
g € G. We call the cardinality h of the set I the helicity of the principal series 7y, and

denote by h = min(h,4 — h). When v is in a general position, it is known that 77, is
irreducible, and we assume that 77, is irreducible throughout this paper.
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Lemma 2.1. The minimal K-type of 71, is T(ho) where § =0 for h =0,1,2, and 6 = 1
for h = 3,4.

2.4 Whittaker functions

Let ¢S, (¢ € R) be the unitary character of R defined by ¢S (z) = exp(2nv/—1lcz). For
c = (c1,c2,c3) € R3, we define the character ¢S, of N by

VS (n) = P (n12)1h2 (n2g) Y (nge) = exp{2mv/—1(c1n1a + canas + canaq)},

for n = (n;;) € N. A nondegenerate unitary character of N is of the form ¢, for some
(C,C,C)

c € (R*)3. We use the convention qu? =1)s0 " for c € R.
For ¢ € (R*)3, we introduce the space

CH(N\G;¢g) ={f € CF(G) | f(ng) = ¥ (n)f(g), (n.g9) € N x G},

on which G acts by right translation. For the principal series (77 ,, Hr,) of G we denote by
HTS, the subspace of Hy, consisting of smooth functions. We call the space

W1, ¥5) = {®(f) | f € HT,, ® € Home(HFy, C%(N\G; 9%)) }

Whittaker model of 77 ,,, and a function in this space Whittaker function for 77 ,. According
to the results of Shalika, Kostant and Wallach, the dimension of the space of W(my ,, ¢¥S)
is one. To describe Whittaker functions as functions on G, we take a K-type (7,V;) of
71, and a vector v € V;. For the unique (up to constant) intertwining operator ® €
Home (HES,, C*(N\G;¢5,)), the function

W (v;g) == @(v) € W(m10,95)
satisfies the relation
W (vingk) = Yo, (M)W (r(k)vig), (n,9,k) € N x G x K.

Because of the Iwasawa decomposition, W (v; g) is determined by W (v;a(g)), which we call
the radial part of W(v;g).

Remark 1. For W(v;g) € W(m,y,@bg)) (v e V;), if we set
W¢(v; g) = W (v; diag(cicacs, cacs, c3,1)g),
then we have W¢(v; g) € W(mr,,v¢S,), and
We(v; alyr, y2, Y3, ya]) = W(r(me)vs allerfyn, [e2lys, |ealys, yal)
with m. = diag(sgn(cicacs), sgn(cacs), sgn(cs), 1) € M.

2.5 L- and e- factors

We recall the definition of the archimedean L- and e- factors via the Langlands parametriza-
tions. For an irreducible admissible representation mo, of GL4(R), we denote by L(s, 7o)
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and L(s, Too, A?) the L-factors of the standard and the exterior square L-functions, respec-
tively. We denote by &(s, Teo, ¥5,) and £(s, oo, A2, 9L) the corresponding e-factors. When
Too = 71, the archimedean L- and e- factors are defined as follows:

h
L(S,T('oo) = H FR(S +v; + 57,), 5(5’71-0071/%0) — \/j :
1<i<4
h(n—h
L(8, Moo, A%) = H I'r(s+ v +vj +dij5), (8, Tooy N2, 1) = V/—1 (= ),
1<i<j<4

where we denote by T'r(s) = 77%/2T(s/2), and 8;; € {0,1} is defined by §;; = &; + &; (mod
2).

3 Evaluation of archimedean zeta integrals

3.1 Explicit formulas for Whittaker functions

We first review the Mellin-Barnes type integral representations of the radial parts W (v;y)
(y € A) of the Whittaker functions at the minimal K-types of n7,. In [5] (n: general,
h=0),[3] (n=4,0<h<4)and [4] (n,h: general), we expressed Whittaker functions on
SL,(R) for the principal series of helicity h, in terms of Whittaker functions on SL,_1(R)
for the principal series of helicity h — 1. We denote by

I={iy,...;ipn} (i < - <ip), I'={1,2,3,4N\I=1{d),....,¢4_pn} (i) < <iy_p)

Theorem 3.1 ([5], [3], [4]). Let h = min(h,4— h) and (T(]*L 5)’ V;) be the minimal K -type of
the irreducible principal series 7y, of helicity h = 4(I). For each vector v € V;, there exists
the Whittaker function WS(v;g) corresponding to v, whose radial part is given by

3/2,2,3/2 V|

Y1 Y3Y3 Yy c -8
We(vsy) = YL_Y2ls Y / VE(oss1,82,83) [] (leily)~*dsi,
Y (27"'\/?1)3 51,52,53 Y 191_‘£3 e Z

with the path of integration in each s; being a vertical line in the complex plane, of sufficiently
large real part to keep the poles of V§(v; s1, s2,53) on its left. Here |v| := v +vo + 13+ 1y
and V$(v; s1, s2,3) can be written as follows.

(1) When h = 0,4, we have

1
V5 (vo; 81, 82, 83) = W’/t t uFR(U + v3)T'r(u + v4)
1,02,

X FR(tl + VQ)FR(tl — u)FR(tz — U+ Z/Q)FR(tQ +v3 + 1/4)
x Pr(s1 +vi)I'r(s1 — t1)I'R(52 — t1 + v1)['R(52 — 2)
X FR(Sg —to + Vl)FR(Sg + 1y +rs+ V4) dudtidts.

(2) When h = 1,3, if we set

o (i1, 1), ih,d4)  if h=1;
1,J2:93,94) = ., . . ;
(] .] J j) {(7/377/1)22713) th:37
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then we have
—p 13
ﬁ@g}fﬁjfn(c’) [, Talesrate,)
x Ir(t1 + vj)Pr(t1 — w)R(t2 — u 4 vjy)TR(t2 + vjy + vj,)
x Ir(s1+ v + xp(1)Tr(s1 — 81 + 1 = xp(1))
X FR(52 — 1t + Vj, + Xp(Q))FR(SQ —to+1— XP(Q))
x I'r(ss —t2 + Vi + Xp(3))TR (83 + Vjy + Vjs + v, +1 = Xp(3))
X d’u,dtldtg

V5 (vp; 1, 82, 83) =

for 1 <p<4. Here

1 ifl1<a<p-1;
Xp(a) = .
0 ifp<a<s.

(3) When h =2, we have
Vl,c(qu; 51, 82, 53)
) Z =1 ®t9) H?:p sgn(c;) H?:q sgn(c;)
p<r<q—1 (47“/?1)3

x r(t1 + vi, + xr(1))IR(E1 —u + 1 — x(1))

x Tr(t2 —u+vi, + x:(2)Tr(t2 + v + v, +1 — X0 (2))
x Pr(s1 +vi, +x77(1)Tr(s1 — ¢+ x79(1))
(
(

/ T (u + vy )Tr (u + )
tl,tQ,U

x Pr(s2 = t1 +vi, +x79(2))Tr(s2 — t2 + X79(2))
x I'r(s3 —ta + vi; + x27(3))I'r(s3 + viy + Vit + v+ xXP4(3)) dudt dta
for1 <p<q<4. Here

0 ifr<a<?2,

{1 ifl<a<r-—1;

Pa(q) 1 ifl<a<p—lorr+1<a<gqg-1;
9 a:
xr 0 ifp<a<rorqg<ac<s,

P9(a) 1 dfp<a<r—lorq<a<sy;
b} a:
Ar 0 fl<a<p—Tlorr<a<qg-—1.

3.2 Contragredient Whittaker functions

Let 77, be the contragredient representation of 7r,. The representation 7, also has
Whittaker model, and in fact we have

W1, 9552~ = {W | W € W(nr,, p{cre2))},

where we set

W(g)=Ww'g™)), w= !

1

Using our explicit formulas in Theorem 3.1, we can determine the radial part of w.
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Proposition 3.2. The contragredient representation 7y, of mr, is isomorphic to mr _,,.
Moreover, for W(g) = WS(v;g) with v € Vi, we have W € W(m,_,,,wc(gc&_m’_cl)) and the

radial part of W are given as

W(y) = lereacs|" - Clo) - WL ().
Here the constants C(v) are
1 if h=0 and v = vy;
C(v) = ¢ —v/—Isgn(cicacs)  if h=1andv =1, (1 <p<4);
1 ifﬁ:2andv:qu(1§p<q 4).

3.3 Calculus of archimedean zeta integrals

For W € W(r,,¢S) and s1,s2 € C, we wish to compute the following archimedean zeta
integral:

Zoo(51752,Wa (I)n) = W(J(glaQQ))(I)n((Oal)g2)

/NQ(R)\GLz(R) /Nz(R)\GLz(R)
x | det g1[* /2| det go| ~*1 52112 dgy dgs,

where ®,(z1,22) = (sgn(n)v/—1z1 4 x2)" exp{—n(z? + 23)}. Using the Iwasawa decompo-
sition of GL2(R), we have

21 p2m
Zoo(s1,52, W, @) = 27 TR (250 + [v| + [n]) ) / / W(m; alyr, y2,y3, 1] Ko,,0,)
0<i<3

_ _ _ db; dy;
x exp(v/—1nfz) y;* 3/221;2 2y§1+82 i | | *27; I | 7y'z’
. . K3
1=

where
) cosf; sinb; )
® Ko1,60 = J(”61>"{02) with Ko, = <_ Sin:% Ccos 91) (Z N 1’2)’
e my = 14, my =diag(—1,1,1,1), mg = diag(1,—1,1,1), ms = mima.
Here is our main result.

Theorem 3.3. We use the same notation as in Theorem 3.1. For ¢ € {£1}, we abbreviate
We = W) and Ve = V&) We take a pair (W, ®) € W1, b)) xS(R2) of Whittaker
function and Schwartz function as the following.
(1) When h =0, we set

W(g) = W;(vo; 9), @ = 2%o.

(2) When h =1, we set
W(g) = W; (v2 + V—Tvg; 9), = —2v—19_1.
(3) When h =2, we set

Wi(g) = 4WF{R(X12) 5 (v12; 9) — R(X23)W; (v23; 9)
+ R(X34)W; (v345 9) + R(X14)W (v14;9) },
P = —2v/—-1d.
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(4) When h = 3, we set
1
W(g) = ——={R(Xas + V—-1X34) W] (v1:9) — R(X12 + V—-1X14)W;(v3; 9)},
4/ —1
¢ =2v-19_;.

(5) When h =4, we set

1

= mR(XHX?A — X23X14)W (vo; g), ® = 2®q.

Wi(g)

Then we have
Zoo (81,82, W, ®) = L(51, Too) L(52, Too, A?).

Proof. The case of h = 0 is done by Stade [12]. We illustrate our proof when h = 2. We first
check that W (grg, 6,) = W(g). For 1 < p < g < 4, the function Wyy(g) := R(Xpq) Wy (Vpg, 9)
satisfies the relation

Wq(gk) = W (7(2,0)(k)vpg; g - kqukil) (k € K).
Since p% can be identified with V5 via the adjoint action, and

(T(2,0) (Ko, ,02) V125 T(2,0) (K61 ,02)V235 T(2,0) (K61 62 ) V34, T(2,0) (K 6, )V14)
C1C2 C152 51852 S1C2

—C182 C1C2 §1C2  —S8182

= (v12, V23, V34, V14)
5152 —S81C2 C1C2 —C152

—81C2 —S8182 (152 C1C2

with (¢;, ;) = (cos 6;,sin6;), we can see that W (gre, 9,) = W (g).
Let us compute the radial part W(y). For 1 <i < j < 4, we have

R(Xi5)Wy (viji y) = R(2Ei; — Kij )Wy (vij; y)
= R(2E;j)W; (vij; y)
_ JAr=leyiWi(vigsy) i j =i+ 1
0 if j >0+ 2.
Then, combined with W(m,y) = W(y) (0 <1i < 3), we have
W(y) = Anv —1e{ys Wy (vi2;y) — y2 Wy (vas; y) + ysWi (vsa; y) }
and thus
Z(s1,82, W, ®) = —evV/—1I'r (252 + |[V|){V (vi2; 51 + 1, 52, 51 + 82)
— V5 (vagi s1, 82 + 1,81 + s2) + Vi (vsa; 81, 82, 51 + 52 + 1)}

Using our explicit formula in Theorem 3.1 (ii) and Barnes’ first lemma [10, §4.2]:

1
/-1 J,
_Tr(@a+olr(a+ dI'r(b+c)Ir(b+d)
Tr(a+b+c+d)

F'r(z+a)lr(z+0)IR(—2+ c)TrR(—2+ d)dz

)
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we get

Z(s1,82, W, ®)
=Tr(2s2 + [V)Tr(s1 + v, + DI'R(s1 + v, +1)
x Pr(s1+ s2 + v, + Vi + Vi + DI'r(s1 + s2 + vy, + v + Vi,)
I'r(u+ vy )Tr(u+ v )Ir(s2 —u+ vy, + DIR(s2 —u+ v, +1)
477F/ IFr(s1+s2—u+wvy +vi, +2)Pr(s1 + 282 —u+ |v|+2)
X {FR s1—u+2)Tr(s2 +vi, +vi, )TR(51 + 52 —u+ vy, + v, )TR(S2 + vy + vy +2)
+I'r(s1 —u)lR(s2 +vi, +vi, +2)I'r(s1 + 52 —u+ v, + v, )TR(s2 + vy + vy +2)
+Tr(s1 — u)R(s2 + Vi, + Vi, +2)TR (51 + 52 —u+ vy, +viy +2)T'R(s52 + vy + i)} du.

In view of Tr(s+2) = (2m) " 1sT'r(s), the bracket { } in the integrand above can be written
as

I'r(s1 —w)'r(s2 + vi; + vip,)T'r(s2 + Vi + u/)
FR(51 + 52 —u+ v, +vi, 2)FR(232 + v+ 2)
I'r(2s2 + |v])

Therefore we can perform the integration over u by means of Barnes’ second lemma [10,
§4.2]:

F'rR(z+a)r(z+0IR(z+)R(—2+ d)R(—2+¢€)
47rf/ I'rR(z+a+b+c+d+e)

_ T'r(a+d)I'r(a+e)TR(b+ d)'rR(b+e)rR(c+ d)'R(c+e)

~ Tr(a+b+d+e)Tr(b+c+d+e)lr(c+a+d+e)

dz

to finish the proof of (iii). O
From Theorem 3.3 and Proposition 3.2 we can show the following:

Corollary 3.4. When mo = 71, there ezists a pair (W, ®) € W(Woo,w(H ) x S(R?) such
that

Zoo (51,82, W, ®) = L(51, Too) L(52, Too, A?)
and

Zoo(sla 52, /V[77 (/I\)) = 5(513 Toos T/)éo)S(SQ, Toos /\27 ¢;O)L(51, %OO)L(327 %ooa /\2)-

3.4 Global functional equation

Theorem 3.5. Let m = &), be a cuspidal automorphic representation of GL4(Aq) satis-
fying the following conditions:

(1) For v =p < o0, m, is isomorphic to the unramified principal series representation of
GL4(QP);

(2) For v = o0, m, is isomorphic to the principal series representation wr, of GLsy(R).
Then the completed exterior square L-function L(s,m, A?) =[], < L(s, Ty, A?) can be holo-
morphically continued to the whole s-plane with at most simple poles at s = 0,1, and satisfies
the functional equation

L(s,m, A?) = e(s,m, A>)L(1 — 5,7, \?).
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Proof. The functional equation (1.1) of zeta integral, Proposition 1.2 and Corollary 3.4
implies that

L(s1,m)L(s2, 7, A?) = e(s1,7)e(s2, ™, A)L(1 — 81, T)L(1 — 89,7, A%).

Since the functional equation for the standard L-function L(s, ) has established in [2], we
are done. ]

We remark some related works for GL,,.

Remark 2. (i) When 74 is isomorphic to the class one principal series representation of
GL,(R), Stade [13] computed the archimedean zeta integrals to prove the result above.

(ii) Via Langlands-Shahidi method, Kim [7] proved the analytic continuations and the func-
tional equations for the completed exterior square L-functions on GL,,. He proved L(s, m, A?)
is holomorphic except that n is even and 7 is self-dual.

(iii) Recently Miller and Schmidt ([8], [9]) discover a new way for archimedean theory of
automorphic L-functions. They introduce “automorphic distribution method” and prove
the global functional equation for the exterior square L-function on GL,(Aq) without any
assumptions on .
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