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1 Introduction

The monstrous moonshine is now well known [7]: the Fourier coefficients of the modular
j-function are related with the dimensions of the irreducible representations of the Monster.
It has been also studied such a connection between the modular forms and the finite groups
(see, e.g., [25, 8, 23]).

Recently observed is a similar phenomenon, Mathieu moonshine [15]; therein a mock
modular form plays a role. The mock theta function was first introduced by Ramanujan in
his last letter to Hardy in 1920 [27, 1]. Zwegers demystified the mathematical structure of
the mock theta function [30], and the mock theta function is identified with a holomorphic
part of the harmonic Maass form with weight-1/2. Studies of mock theta functions have
been also applied to quantum invariants of certain 3-manifolds [22, 2, 24].

Purpose of this article is to survey the Mathieu moonshine based on [9, 10, 13]. In
Section 2 we study a relationship between the superconformal character and the mock theta
function, and explain the Mathieu moonshine. In Section 3 we give the Poincaré series for
the Fourier coefficients of the mock theta functions.

2 Mathieu Moonshine

2.1 Superconformal Characters

Our motivation is to study the K3 surface by use of the superconformal algebras. The K3
surface is described by use of the N = 4 superconformal algebra with c = 6, and we use

the superconformal characters chR̃h,ℓ(z; τ) computed in [16, 17], where h and ℓ respectively
denote the conformal dimension and the isospin. See Appendix for definition of the Jacobi
theta series.

• non-BPS representations (h > 1
4 and ℓ = 1

2),

chR̃
h,ℓ= 1

2
(z; τ) = qh−

3
8
[θ11(z; τ)]

2

[η(τ)]3
,

• BPS representations (h = 1
4 and ℓ = 0, 12),

chR̃
h= 1

4
,ℓ=0

(z; τ) =
[θ11(z; τ)]

2

[η(τ)]3
µ(z; τ), (1)

chR̃
h= 1

4
,ℓ= 1

2

(z; τ) + 2 chR̃
h= 1

4
,ℓ=0

(z; τ) = q−
1
8
[θ11(z; τ)]

2

[η(τ)]3
.

Here µ(z; τ) is defined by

µ(z; τ) =
i eπiz

θ11(z; τ)

∑
n∈Z

(−1)n
q

1
2
n(n+1) e2πinz

1− qn e2πiz
.
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2.2 Mock Theta Function

The function µ(z; τ) is a mock theta function studied in [30]. Its typical property is seen in
the modular S-transformation,

µ(z; τ) = −
√

i

τ
µ

(
z

τ
;−1

τ

)
+

1

2

∫ ∞

−∞

eπiτx
2

cosh(πx)
dx.

We define a completion of µ(z; τ);

µ̂(z; τ) = µ(z; τ)− 1

2
√
i

∫ i∞

−τ

[η(x)]3√
x+ τ

dx,

which is the harmonic Maass form satisfying

µ̂

(
z

c τ + d
; γ(τ)

)
= χ(γ)

√
c τ + d µ̂(τ),

(ℑτ)
3
2

∂

∂τ

√
ℑτ ∂

∂τ
µ̂(z; τ) = 0.

Here the multiplier system χ for γ =
(
a b
c d

)
∈ SL(2;Z) is given by

χ(γ) =

{
i
3
2 e−

a+d
4c

πi+3s(d,c)πi, for c ̸= 0,

e−
b
4
πi, for c = 0.

where s(d, c) is the Dedekind sum,

s(d, c) =
∑

k mod c

((k
c

))((k d
c

))
, ((x)) =

{
x− ⌊x⌋ − 1

2 , for x ∈ R− Z,
0, for x ∈ Z.

We note that √
ℑτ ∂

∂τ
µ̂(z; τ) =

i

2
√
2
[η(−τ)]3 ,

and that, in the sense of Zagier [29], the mock theta function µ(z; τ) has [η(τ)]3 as a
“shadow”.

2.3 Character Decomposition

We pay attention to the elliptic genus of the K3 surface

ZK3(z; τ) = 2ϕ0,1(z; τ) = 8

[(
θ10(z; τ)

θ10(0; τ)

)2

+

(
θ00(z; τ)

θ00(0; τ)

)2

+

(
θ01(z; τ)

θ01(0; τ)

)2
]
.

By use of the superconformal characters we decompose ZK3(z; τ) as

ZK3(z; τ) = 20 chR̃1
4
,0
(z; τ)− 2 chR̃1

4
, 1
2

(z; τ) +
∞∑
n=1

A(n) chR̃
n+ 1

4
, 1
2

(z; τ), (2)

where A(n) denotes the number of the non-BPS representations in the elliptic genus;

n 1 2 3 4 5 6 7 8 9 · · ·

A(n) 90 462 1540 4554 11592 27830 61686 131100 265650 · · ·
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The number A(n) can be identified with the Fourier coefficients of the mock theta func-
tion [9]. Observation in [15] is that A(n) is decomposed into a sum of dimensions of the
irreducible representations of M24,∑

R

multR(n) dimR = A(n),

and that the multiplicities multR(n) are conjectured to be positive integer. Here R denotes
the irreducible representation of M24. Hence by introducing

V (n) =
∑
R

multR(n)R,

we have
A(n) = TrV (n) 1.

2.4 Twisted Elliptic Genus

As the Mathieu group M24 has 26 conjugacy classes, we define for conjugacy class g a variant
of the number A(n) of the non-BPS characters by

Ag(n) = TrV (n) g =
∑
R

multR(n)χ
g
R.

See Table 1 for the character table χg
R of M24 (e.g. [6]). Using Ag(n), we define the twisted

elliptic genus Zg(z; τ) by the character decomposition as

Zg(z; τ) = (χg − 4) chR̃
h= 1

4
,ℓ=0

(z; τ)− 2 chR̃
h= 1

4
,ℓ= 1

2

(z; τ) +

∞∑
n=1

Ag(n) ch
R̃
h=n+ 1

4
,ℓ= 1

2

(z; τ).

Here χg ∈ Z is the Witten index,

χg = Zg(z = 0; τ),

i.e.

g 1A 2A 3A 5A 4B 7A 8A 6A 11A 15A 14A 23A others

χg 24 8 6 4 4 3 2 2 2 1 1 1 0

Explicit forms of Zg(z; τ) are summarized in Table 2 [4, 20, 19, 13]. See Table 3 for the
number Ag(n) of the non-BPS characters. The multiplicities multR(n) are given in Table 4.
We have also give several explicit values of the Fourier coefficients cg(n, ℓ) of the twisted
elliptic genus in Table 5, where

Zg(z; τ) =

∞∑
n=0

∑
ℓ∈Z

cg(n, ℓ) q
n e2πiℓz. (3)

Therein we have used
cg(4n− ℓ2) = cg(n, ℓ).

These coefficients play an important role in the Borcherds product [14].
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Table 1: Character table χg
R of the Mathieu group M24. Here we have used e±p =

1
2 (±

√
−p− 1). We have used • and •′ to classify irreducible representation R.
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g Zg(z; τ)

1A 2ϕ0,1(z; τ)

2A
2

3
ϕ0,1(z; τ) +

4

3
ϕ
(2)
2 (τ)ϕ−2,1(z; τ)

3A
1

2
ϕ0,1(z; τ) +

3

2
ϕ
(3)
2 (τ)ϕ−2,1(z; τ)

5A
1

3
ϕ0,1(z; τ) +

5

3
ϕ
(5)
2 (τ)ϕ−2,1(z; τ)

7A
1

4
ϕ0,1(z; τ) +

7

4
ϕ
(7)
2 (τ)ϕ−2,1(z; τ)

4B
1

3
ϕ0,1(z; τ) +

(
−1

3
ϕ
(2)
2 (τ) + 2ϕ

(4)
2 (τ)

)
ϕ−2,1(z; τ)

6A
1

6
ϕ0,1(z; τ) +

(
−1

6
ϕ
(2)
2 (τ)− 1

2
ϕ
(3)
2 (τ) +

5

2
ϕ
(6)
2 (τ)

)
ϕ−2,1(z; τ)

8A
1

6
ϕ0,1(z; τ) +

(
−1

2
ϕ
(4)
2 (τ) +

7

3
ϕ
(8)
2 (τ)

)
ϕ−2,1(z; τ)

11A
1

6
ϕ0,1(z; τ) +

(
11

6
ϕ
(11)
2 (τ)− 22

5
[η(τ) η(11 τ)]2

)
ϕ−2,1(z; τ)

14A
1

12
ϕ0,1(z; τ) +

(
− 1

36
ϕ
(2)
2 (τ)− 7

12
ϕ
(7)
2 (τ) +

91

36
ϕ
(14)
2 (τ)− 14

3
η(τ) η(2 τ) η(7 τ) η(14 τ)

)
ϕ−2,1(z; τ)
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ϕ0,1(z; τ) +
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− 1
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ϕ
(3)
2 (τ)− 5

24
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2 (τ) +

35
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2 (τ)− 15

4
η(τ) η(3 τ) η(5 τ) η(15 τ)

)
ϕ−2,1(z; τ)

23A
1
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ϕ0,1(z; τ) +

(
23

12
ϕ
(23)
2 (τ)− 23

22
f23,1(τ)−

161

22
f23,2(τ)

)
ϕ−2,1(z; τ)

2B 2
η(τ)8

η(2τ)4
ϕ−2,1(z; τ)

4A 2
η(2τ)8

η(4τ)4
ϕ−2,1(z; τ)

4C 2
η(τ)4 η(2τ)2

η(4τ)2
ϕ−2,1(z; τ)

3B 2
η(τ)6

η(3τ)2
ϕ−2,1(z; τ)

6B 2
η(τ)2 η(2τ)2 η(3τ)2

η(6τ)2
ϕ−2,1(z; τ)

12B 2
η(τ)4 η(4τ) η(6τ)

η(2τ) η(12τ)
ϕ−2,1(z; τ)

10A 2
η(τ)3 η(2τ) η(5τ)

η(10τ)
ϕ−2,1(z; τ)

12A 2
η(τ)3 η(4τ)2 η(6τ)3

η(2τ) η(3τ) η(12τ)2
ϕ−2,1(z; τ)

21A

(
7

3

η(τ)3 η(7 τ)3

η(3 τ) η(21 τ)
− 1

3

η(τ)6

η(3 τ)2

)
ϕ−2,1(z; τ)

Table 2: Twisted elliptic genus Zg(z; τ).
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64
12

−
4

0
0

0
0

0
2

−
10

3
2

4
62

13
06
4

4
0

−
72

0
2
6

18
15
75
47
10

15
86
2

−
51
0

0
−
34

0
−
6

10
0

0
0

−
1

0
0

78
0

−
15
9
30

0
0

22
−
2

27
27
45
87
01
80

−
19
42
0

60
0

30
−
76

−
10

4
8

−
2

0
−
2

0
0

8
−
36

−
6
00

19
26
8

−
2

2
84

0
2
8

41
22
41
74
20

23
53
2

0
0

36
2

0
0

0
0

−
2

0
0

1
2

−
84

6
60

−
23
4
60

0
2

−
36

0
29

61
46
31
16
20

−
28
34
8

−
76
2

−
50

10
0

−
6

4
−
10

−
2

−
2

2
0

0
0

36
0

28
54
8

−
2

0
−
9
2

−
2

3
0

91
04
07
85
92

34
27
2

82
8

22
−
40

0
4

−
12

4
−
2

0
0

0
−
8

96
−
8
40

−
34
3
52

−
2

0
48

0
31

13
40
10
53
82
0

−
41
41
2

0
0

−
11
6

0
−
4

0
0

0
0

−
2

−
2

−
10

−
44

96
6

41
18
0

0
0

10
8

0
3
2

19
60
93
21
55
4

49
61
8

−
10
62

34
50

18
2

10
−
2

−
2

2
0

0
0

−
12
6

0
−
49
5
18

2
0

−
46

2
33

28
53
08
24
63
0

−
59
17
8

12
20

0
12
6

0
−
6

12
0

0
0

2
−
4

12
62

−
1
20
4

59
4
30

0
0

−
13
8

0
3
4

41
28
67
61
47
8

70
75
8

0
−
72

−
66

−
10

−
6

0
6

0
2

0
0

1
2

15
0

13
32

−
70
8
90

0
2

54
0

35
59
43
55
54
92
6

−
84
53
0

−
15
18

26
−
15
4

6
2

−
14

0
2

2
0

0
0

−
66

0
84
22
2

2
0

15
8

2
3
6

85
13
73
61
43
0

10
03
10

16
70

0
70

−
12

−
2

−
10

0
0

0
0

−
2

−
1
8

−
17
0

−
1
66
6

−
10
0
17
0

0
0

−
74

−
2

Table 3: The number of the non-BPS characters Ag(n).
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n
\
R

1
23

25
2

25
3

17
71

35
20

45 45

99
0

99
0

10
35

10
35

1
03
5
′

23
1

23
1

77
0

77
0

48
3

26
5

20
24

22
77

3
3
1
2

5
3
13

5
79
6

5
54
4

1
03
95

1
0

0
0

0
0

0
1

0
0

0
0

0
0

0
0

0
0

0
0

0
0

2
0

0
0

0
0

0
0

0
0

0
1

0
0

0
0

0
0

0
0

0
0

3
0

0
0

0
0

0
0

0
0

0
0

1
0

0
0

0
0

0
0

0
0

4
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

2
0

0
0

0
0

5
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
2

0
0

6
0

0
0

0
0

2
0

0
0

0
0

0
0

0
0

0
0

0
0

0
2

7
0

0
0

0
2

0
0

0
0

0
0

0
0

0
2

0
0

2
2

2
2

8
0

0
0

0
0

2
0

1
1

0
0

0
0

2
0

2
2

4
2

2
6

9
0

0
0

0
2

4
0

0
2

2
0

2
2

0
2

2
4

4
8

8
1
0

10
0

0
0

2
4

8
0

2
2

2
2

0
2

4
4

6
6

1
2

10
10

2
4

11
0

0
0

0
8

12
0

4
4

6
0

4
0

2
10

8
1
4

22
26

24
4
0

12
0

2
2

4
12

30
0

8
8

4
2

6
4

12
12

18
2
6

4
0

40
38

8
0

13
0

0
4

2
26

44
2

14
14

18
2

10
6

16
30

2
8

4
4

70
84

80
13
6

14
0

0
4

6
38

86
0

24
24

22
8

16
14

34
46

58
8
0

1
28

1
32

12
6

25
4

15
0

0
12

8
78

14
4

2
40

44
46

8
38

18
46

86
8
8

1
3
8

2
18

24
6

2
3
8

4
24

16
0

2
18

22
12
2

25
2

2
72

72
68

18
50

36
1
00

14
0

17
0

2
3
2

3
78

4
00

38
2

74
2

17
0

2
30

26
21
2

41
0

8
11
6

12
4

13
0

25
94

54
1
40

24
6

26
2

3
9
2

6
30

7
04

67
0

12
22

18
0

6
50

58
34
2

70
4

6
19
4

20
2

19
2

50
14
8

10
0

2
56

38
8

45
4

6
5
4

1
0
44

1
12
0

1
07
4

20
58

19
0

4
80

72
58
2

11
16

1
8

31
8

3
32

34
6

68
25
2

15
0

39
4

66
4

72
2

1
0
6
2

1
7
0
2

1
88
0

18
0
0

33
20

20
0

14
12
8

13
8

90
4

18
36

20
51
6

53
6

52
0

1
26

39
0

25
4

6
76

1
03
6

11
96

1
7
1
6

2
7
64

2
98
0

2
84
6

54
08

21
2

20
21
4

20
0

14
76

29
02

4
0

81
4

8
60

87
2

1
82

65
2

39
6

1
02
0

16
84

18
62

2
7
4
2

4
3
8
4

4
82
8

46
2
2

85
72

22
2

32
32
8

34
6

23
02

46
16

55
12
98

13
48

13
3
6

3
14

98
8

64
0

16
8
6

2
63
0

30
00

4
3
2
4

6
9
50

7
53
2

7
20
4

13
62
0

23
2

40
51
2

49
6

36
38

71
66

9
8

20
20

21
18

21
44

4
60

1
59
0

97
2

25
46

41
62

46
24

6
7
6
8

1
0
8
56

11
89
8

1
13
76

21
20
4

24
0

80
79
8

82
4

55
84

11
19
2

1
32

31
40

32
78

32
3
6

7
44

24
2
6

15
44

40
5
0

6
37
6

72
48

1
0
5
0
0

1
6
8
3
4

1
82
94

17
50
4

32
97
6

25
8

10
8

12
32

12
08

86
54

17
08
4

23
4

48
14

50
38

50
84

11
06

3
76
4

23
3
6

61
08

98
92

1
10
42

1
6
1
1
2

2
5
84
0

28
2
88

2
70
5
6

50
52
4

26
6

17
4

18
60

19
04

13
09
0

26
14
8

3
22

73
48

76
70

76
2
6

17
42

56
7
7

36
02

94
4
4

14
96
8

1
69
40

2
4
5
6
6

3
9
4
2
8

4
28
94

41
02
2

77
17
6

27
12

25
2

28
36

28
02

19
91
4

39
43
6

51
4

11
0
92

11
61
8

11
66
6

25
6
0

86
88

53
9
4

14
10
0

2
27
44

25
46
2

3
7
1
4
8

5
9
5
6
4

6
51
14

62
29
4

11
64
94

28
16

39
8

42
38

43
10

29
77
2

59
33
0

7
42

16
68
6

17
41
8

17
35
6

39
22

12
91
2

81
60

21
41
4

34
02
6

3
84
34

5
5
7
6
4

8
9
4
9
0

9
74
56

93
21
8

17
5
14
6

29
26

56
0

63
28

62
86

44
51
2

88
28
0

11
54

24
84
0

25
99
4

2
60
78

57
58

19
38
0

12
09
0

31
63
6

50
89
2

57
0
68

8
3
1
4
6

1
3
3
3
56

14
56
9
0

1
39
34
2

26
08
28

30
34

87
6

93
68

94
86

65
77
6

13
10
20

16
42

36
82
4

38
48
0

38
36
8

86
42

28
58
0

18
00
8

47
17
2

75
15
8

8
47
76

1
2
3
1
7
6

1
9
7
5
9
6

2
15
31
8

2
05
97
0

38
6
72
4

31
58

12
36

13
80
2

13
76
4

97
06
0

19
25
38

25
00

54
17
8

56
66
0

5
68
00

12
58
2

42
21
8

26
38
4

69
08
2

11
09
20

12
45
06

1
8
1
2
7
4

2
9
0
7
80

31
75
0
2

3
03
70
0

56
87
98

32
76

18
66

20
16
6

20
35
6

14
17
14

28
20
74

35
64

79
32
0

82
88
4

82
73
0

18
57
6

61
57
4

38
73
8

10
1
53
0

16
19
78

18
25
54

2
6
5
2
8
4

4
2
5
6
2
4

4
63
95
0

4
43
76
0

83
2
83
4

33
12
2

26
64

29
39
6

29
37
4

20
65
24

41
00
62

52
86

11
53
3
4

12
06
44

12
07
98

2
68
30

89
86
8

5
62
26

1
47
15
6

23
60
1
0

26
51
36

3
8
5
9
7
4

6
1
9
0
7
2

67
57
96

6
46
43
2

1
21
11
06

34
16
6

39
00

42
47
4

42
81
0

29
85
08

59
38
00

75
42

16
6
99
0

1
74
51
0

17
43
30

39
06
6

12
9
69
4

81
54
6

21
3
64
4

34
11
54

38
42
50

5
5
8
5
3
0

8
9
6
0
5
2

9
77
00
4

9
34
53
0

17
53
35
6

35
24
8

55
36

61
18
4

61
23
4

43
01
34

85
42
84

10
98
8

2
40
30
4

25
12
92

25
15
44

55
9
56

18
70
94

1
17
13
8

30
67
3
6

49
1
60
2

55
24
94

8
0
4
0
3
8

1
2
8
9
7
68

14
07
60
4

1
34
63
80

25
23
17
8

36
33
4

80
58

87
62
2

88
19
6

61
56
26

12
24
42
4

15
56
0

34
4
31
4

3
59
90
2

35
95
64

80
47
0

26
7
60
4

16
80
9
2

44
0
31
8

70
35
42

79
21
58

1
1
5
1
7
8
6

1
8
4
7
6
90

20
14
95
2

1
92
73
70

36
15
35
0

Table 4: Multiplicities multR(n) in decomposition of Ag(n).
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n
\
g

1A
2A

3A
4A

5A
6A

7A
8
A

11
A

14
A

1
5A

23
A

2B
4
A

4C
3B

6
B

12
B

10
A

12
A

21
A

−
1

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
0

20
4

2
0

0
−
2

−
1

−
2

−
2

−
3

−
3

−
3

−
4

−
4

−
4

−
4

−
4

−
4

−
4

−
4

−
4

3
−
12

8
0

−
2

0
2

6
5

8
4

7
8

10
0

16
8

4
1
2

8
10

10
11

4
21

6
−
8

0
0

−
4

−
8

−
8

−
1
2

−
4

−
8

−
1
0

−
1
4

8
−
2
4

−
8

0
−
16

−
8

−
12

−
12

−
14

7
−
10

26
−
2

0
−
2

4
16

17
30

8
1
9

25
32

−
2

6
2

1
4

0
40

20
28

32
35

8
16

16
16

−
4

0
−
4

−
20

−
22

−
4
0

−
1
2

−
26

−
3
4

−
4
0

−
16

−
8
0

−
1
6

−
4

−
52

−
28

−
36

−
44

−
46

11
−
55

04
0

4
0

6
36

4
7

88
18

49
6
9

8
5

0
17

6
24

4
10

8
48

70
92

95
12

80
32

−
32

4
0

−
8

−
44

−
60

−
11

2
−
2
0

−
60

−
8
6

−
11

0
32

−
22

4
−
3
2

−
8

−
13

6
−
56

−
88

−
11

6
−
12

0
15

−
23

55
0

2
−
6

2
10

74
11

0
22

6
3
4

1
14

16
9

20
9

2
45

0
50

1
2

26
0

10
4

16
2

23
4

23
6

16
33

04
8

56
0

0
−
12

−
88

−
13

2
−
28

4
−
4
0

−
14

0
−
21

0
−
25

6
−
56

−
56

8
−
5
6

0
−
32

0
−
12

8
−
19

6
−
29

2
−
29

4
19

−
86

40
0

0
0

0
20

14
4

23
9

5
36

60
24

5
38

0
47

1
0

1
07

2
8
8

0
5
76

20
8

34
0

54
4

53
9

20
11

72
80

−
96

−
8

0
−
20

−
16

8
−
29

2
−
65

6
−
6
8

−
29

2
−
45

8
−
57

2
96

−
1
31

2
−
9
6

−
8

−
69

6
−
24

0
−
40

4
−
66

4
−
65

2
23

−
28

36
52

−
4

10
−
4

28
26

6
49

2
11

80
1
04

50
0

8
05

99
6

−
4

23
6
4

1
40

10
12

02
39

8
67

6
11

94
11

58
24

37
66

08
16

0
12

0
−
32

−
30

8
−
58

0
−
14

24
−
1
20

−
59

6
−
96

8
−
11

90
16

0
−
2
84

8
−
16

0
−
24

−
14

3
2

−
47

2
−
80

0
−
14

44
−
13

96
27

−
85

45
28

0
−
14

0
42

47
4

96
3

24
64

17
2

9
73

16
2
6

20
15

0
4
92

8
22

4
28

23
8
8

72
8

12
90

24
86

23
73

28
11

12
83

2
−
25

6
0

0
−
48

−
54

4
−
11

3
4

−
29

44
−
1
92

−
11

3
8

−
19

2
0

−
23

92
25

6
−
5
88

8
−
25

6
0

−
28

1
6

−
83

2
−
15

04
−
29

60
−
28

14
31

−
24

02
29

8
6

0
6

62
81

6
1
81

0
49

34
27

8
1
82

6
31

55
39

1
6

6
9
86

2
35

8
0

45
60

12
88

23
66

49
60

46
69

32
30

82
19

2
40

0
−
2
0

0
−
68

−
93

2
−
21

0
6

−
58

32
−
3
16

−
21

3
4

−
37

1
0

−
45

92
−
40

0
−
11

6
64

−
40

0
−
20

−
53

3
2

−
14

92
−
27

40
−
58

68
−
55

08
35

−
63

78
24

0
0

24
0

90
13

68
1
81

0
95

20
44

0
3
32

5
59

19
73

6
5

0
19

0
40

56
0

2
4

8
42

4
22

16
42

10
95

60
88

86
36

80
77

56
0

−
61

6
24

0
−
10

0
−
15

52
−
21

0
6

−
11

1
64

−
4
88

−
38

3
6

−
68

8
6

−
85

96
61

6
−
22

3
28

−
61

6
−
48

−
97

7
6

−
25

12
−
48

44
−
11

20
4

−
10

38
0

39
−
16

13
51

76
−
8

−
30

−
8

13
4

22
42

33
0
3

17
81

6
68

0
58

86
10

7
90

13
46

9
−
8

35
64

0
84

0
60

15
12

4
37

20
73

02
17

87
4

16
43

3
40

20
21

32
80

92
8

0
0

−
14

0
−
25

28
−
38

2
8

−
20

7
52

−
7
60

−
67

7
2

−
12

50
0

−
1
55

88
−
92

8
−
41

5
04

−
92

8
0

−
17

44
0

−
42

40
−
83

48
−
20

81
6

−
19

09
6

43
−
39

15
30

24
0

0
0

18
6

36
00

5
85

8
3
24

7
2

10
3
6

1
01

7
8

19
1
85

24
02

6
0

64
9
44

12
40

0
26

4
96

61
12

12
37

0
32

54
4

29
62

4
44

48
57

98
72

−
13

76
−
4
0

0
−
20

8
−
40

40
−
67

2
4

−
37

5
84

−
11

44
−
1
16

24
−
22

06
0

−
2
76

84
13

7
6

−
75

1
68

−
1
37

6
−
40

−
30

37
6

−
68

72
−
14

06
4

−
37

65
6

−
34

18
6

47
−
91

61
72

70
10

48
10

26
0

56
80

1
01

4
2

5
78

02
15

5
4

17
2
44

33
3
68

41
93

9
10

1
15

59
4

18
34

4
8

45
4
24

98
56

20
54

0
57

90
4

52
23

3
48

11
27

32
00

0
20

16
52

0
−
28

0
−
63

48
−
1
16

0
8

−
66

5
44

−
17

20
−
1
96

28
−
38

21
8

−
4
80

40
−
20

1
6

−
13

30
88

−
2
01

6
−
10

4
−
51

81
6

−
11

11
2

−
23

25
6

−
66

66
8

−
60

02
4

Table 5: The Fourier coefficients cg(n) of the twisted elliptic genus.
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g 2B 4A 4C 3B 6B 12B 10A 12A 21A

vg(γ) e−
cd
2
πi e−

cd
4
πi e−

cd
8
πi e−

2cd
9

πi e−
cd
18

πi e−
cd
72

πi e−
cd
10

πi e−
cd
12

πi e−
2cd
63

πi

Table 6: Multiplier system vg(γ).

3 Rademacher Expansion

We set the q-series

−q
1
8 Σg(τ) = −2 +

∞∑
n=1

Ag(n) q
n,

which can be given from

Zg(z; τ) = χg chR̃1
4
,0
(z; τ)− [θ11(z; τ)]

2

[η(τ)]3
Σg(τ). (4)

3.1 χg ̸= 0

We know from (1) that the BPS character chR̃1
4
,0
(z; τ) is a mock modular form. Then the

decomposition (4) indicates that Σg(τ) is a mock theta function when χg ̸= 0. In fact we
can identify that Ag(n) is the Fourier coefficients of the mock theta functions on Γ0(ord(g)).

Following a method developed by Bringmann–Ono [3], we can compute the Poincaré–
Maass series of the Fourier coefficients Ag(n) in (2). We have

Ag(n) =
−2π i

(8n− 1)
1
4

∞∑
c=1

ord(g)|c

1√
c
I 1

2

(
π
√
8n− 1

2 c

) ∑
k mod 4c

k2=−8n+1 mod 8c

(
−4

k

)
e

k
2c

πi, (5)

where
( •
k

)
is the Jacobi symbol, and Ik(x) denotes the Bessel function

I 1
2
(x) =

√
2

π x
sinh(x).

3.2 χg = 0

In the case χg = 0, there exists no contribution from the mock theta function in (4). Thus
the q-series Σg(τ) is modular, and it can be written as as the η-product. We apply the circle
method [26] to compute the Rademacher expansion of the Fourier coefficients, and we have

Ag(n) =
4π

(8n− 1)
1
4

∞∑
c=1

ord(g)|c

1

c
I 1

2

(
π
√
8n− 1

2 c

) ∑
d mod c
(c,d)=1

vg(γ) e
−3s(d,c)πi+2πi d

c
n. (6)

Here vg(γ) follows from the multiplier system of the twisted elliptic genus Zg(z; τ). See
Table 6.

3.3 Asymptotics of the Number of the non-BPS Characters

Combining (5) and (6), we get

log |Ag(n)| ∼
2π

ord(g)

√
1

2

(
n− 1

8

)
.
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See also [5]. This result generalizes that of [28] (see also [21]) where the entropy of the ZN

twisted CHL model is 1/N times the entropy of the untwisted model.

4 Concluding Remarks

The character decompositions of the elliptic genus for higher dimensional Calabi–Yau man-
ifolds in terms of the superconformal characters are studied in [12, 11]. Further studies on
the Mathieu moonshine may help us to study monstrous moonshine and its generalizations.
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A Notations

Throughout this article, we set q = e2πiτ with τ in the upper half plane, τ ∈ H.
The Jacobi theta functions are defined by

θ11(z; τ) =
∑
n∈Z

q
1
2(n+

1
2)

2

e2πi(n+
1
2) (z+

1
2),

θ10(z; τ) =
∑
n∈Z

q
1
2(n+

1
2)

2

e2πi(n+
1
2)z,

θ00(z; τ) =
∑
n∈Z

q
1
2
n2

e2πinz,

θ01(z; τ) =
∑
n∈Z

q
1
2
n2

e2πin(z+
1
2).

We use the Eisenstein series

ϕ
(N)
2 (z; τ) =

24

N − 1
q
∂

∂q
log

(
η(N τ)

η(τ)

)
.

We also use the Jacobi forms ϕk,m(z; τ) with weight-k and index-m [18]. Amongst others,
we have

ϕ0,1(z; τ) = 4

[(
θ10(z; τ)

θ10(0; τ)

)2

+

(
θ00(z; τ)

θ00(0; τ)

)2

+

(
θ01(z; τ)

θ01(0; τ)

)2
]
,

ϕ−2,1(z; τ) = − [θ11(z; τ)]
2

[η(τ)]6
.
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