On p-adic analytic families of eigenforms of infinite slope*
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Introduction

AFEE, 55 4 MERAEGR IS ERI CHESE TR WERNER2 SO0 TH L. i
BRI AME DR & NEDFHMC DWW T, [15] 2 2 BB &7z,

p ZEFRKE L, HHEE Q ofREWAT Q % p-EXk Q, oREMEAE Q, Dbk
L CHRTHDIAR Q = Q, Z—2REL, ThroFHFHsN 5 p-EEffHob 2 T Q, @
p-ESEifbE C, LB, 20 & & C, 1, ordy(p) = 1 L IEHb SN 7z p-EfHil ord, & Z
NP SFHIN D pAEHRHE | - | := p~oP0) AEFESNh .

DR, Z 2 5HEHIRE L, Z, & p-EBEERE T 5. £z, Gg & Q Difixt Galois #F& L,
A% Q Lo adele Bg& ¥ 5.

p-adic analytic families of eigenforms ZWf289 2 FREEEE L T, Th o %, BRARRED
TToD R=T EHOEALE ZDFEH, 7255 mod p modular Galois RINDZEIE D p-adic
modularity OFFFEUCTENL , Z 206 Ehh bk 4 2D modularity % {5 H L CTEEEGRH)
DRI Z 5 & WO H 5.

Z D& DRWRITBNTEY L 72 B8 il L T, Wiles [13] & Taylor-Wiles [12] i
&% Fermat OFRMEHLFEHL I2MAFENHT 65N 5. £/, KL TlE Khare [8] & Khare-
Wintenberger [9], [10] I &% Serre TAHDMHRR> Harris-Shepherd-Barron-Taylor [4] & Tay-
lor [11] IZ & % Sato-Tate THDIFENRAFDO L & TOMPRE, R =T THOIFHE L L CEp»
NEOWMROEFITIIHREL WERV RO S.

3T, KRG T “p-adic analytic families of eigenforms” & VX S fiEE% 72 W2 UKD EIE T
Wbz e ed5b:

Definition 0.1. ky % 2 LALOFEE L L, weight kg DIEFHIL SN 7z eigenform f(q) =
Yusoan(f)g" MEASNTWDE LTS, 22T, “ERLEINT? LW SHEED ai(f) = 1
THHZLEZERT D, 0L X,k 2HHEL T5H 5%EHF) K T parametrize Sh 7z
weight k € K DIEH L &N/ eigenform f, @ family {fx}rex A% p-adic analytic family of
eigenforms passing through f TH B LIE, k=ky D& E fi, = f TH Y, Fourier RFADLT
family {fx(q)}rex 2*, D HWIIAMBET 2 Galois KDY family {py, }rex A%, B rigid
analytic space = analytic functions D72 TER L 272 SN 5 H L NN EBRE D2 T8 % H
WT p-ERICHEI SN 52 L TH 5.

Z Z T, p-adic analytic family of eigenforms O & L T, Hida family & Coleman family
2RI A, 26 OBITIE, family {fi}rex %2727 eigenforms fi ICOWT, ERBD ke K
2009 4F 8 A 26 HIEE.
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WXL fip @ slope & KITN 21 ordy(ap(fi)) M—EDfEE L 52 LIRS REHETH 5.

Remark 0.1. p-adic analytic family of eigenforms |49 L & EE S 17z slope D &1
RS2 Bbh 5038, 59 H H1T slope ZE) T % p-adic analytic family of eigenforms
Bl NELEZLDODTREZZ LR,

Example 0.1 (Hida family). Hida [5], [6] IC &Y, AT D & 9 7 slope 0 @ p-adic analytic
family of eigenforms 2SR S 7z:
N % p L HOIHRRIEOBHEL  ky % 2 A L0 LT 5.

To(Np) := {(‘c‘ 2) € SLy(Z) | ¢ = 0 (mod Np)}

EBZE, S, (To(Np)) % weight ko, level Np T trivial character Z b2 cusp forms D729 %2
M& T 5. Sk (To(Np))® & Sk, (Do(Np)) @ ordinary part, 3724 %H p TD Hecke operator
Up \ICHTLEAM A DB ordpy(N) =0 £725 X I2bIiTHL To—REAZETERSH
7z Sy (To(Np)) OETZER L T 5.

dimg Sk, (To(Np))? = 1 &EL (BIAE, p=11,N = Lk = 12 D& & Z OFMIEHHE
728N 3), f & Sk (Do(Np))° IZJE T BIERUL SN /ME—D D eigenform & T 5. ZD& &,
b5

= An(X (Zp[X])1d]

n>1

©, KOWEZ 7= b ODIEET B2 A1(X) = 1 TH 1, 385051
DAERDTT k ITHL,

felg) == F((1+p)F —1;9) = An((1 + p)* — 1)g"
n>1
P S (To(Np))? ITJE T HIER{L SN 7= eigenform fr @ Fourier BRHE —L , & <IT k =k
BT fi(q) = flg) THB. 61T, Z,[X] EEFE SN TZBHIT Npoo DHAIRIR D
% 2 IRt Galois i
pr+ Gg > GLy(Zy[X])

T, ROMEZT2T O DOBELET SH: Np & IR BREREDRL 1 1B 5 Frobenius 7t
Frob; 1ZX%fL , &3
Tr(pr (Froby)) = Ay(X)

MEAZL , K DAEREDIT kKL T,
pr := pr (mod (X — ((1+p)* —1))) : Gg — GLy(Z)y)

i3 f ICATBET % Galois &3 py, & FEICR 5.

L 72285 T, K C parametrize S37z slope 0 @ eigenform @ family {fi}rex 13, Fourier
BB D729 family {fr(q) tkex @ p-EERHE F(X;q) &, T 5 Galois RELDLT family
{ps. ke D p-EERHE pp % PHFEFF- 72 p-adic analytic family of eigenforms passing through
fCTHbB.
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Example 0.2 (Coleman family). Example 0.1 (Hida family) Tl, slope 0 @ eigenform
2672 % p-adic analytic family Z#F/L 7208, Thz —f{tL 7=b D & L T, Coleman [2], [3]
W&, FEOIFAFEE o ITHL T, LAFD & R FEE SN 7 slope a & FFD eigenform 7>
572 % p-adic analytic family 23 S T 5!

F051E Example 0.1 Db DZHWAZ LICT 5. o ZEBROIFEAEHKEL, N & p L HW
ICRIRIEDEER L L, Sk (To(Np))® % Sk, (To(Np)) D slope-a-part, T2 5 p TD Hecke
operator U, I HEAEME X D5 ordy(N) = a &5 X T2 BITHL ToO—REHA 22
THEBENT Sy, (To(Np)) OEWHZERE TS, f % Sk (To(Np))® KRBT HIERtEh
eigenform T, f @ conductor 1 N £721d Np THDHL L, ap(f)2 #pot D kg >a+1
BT T BRI, p=5N=1,k =12 TC,a=1%F a=10 D& &, ZO%KMHZ
Wilz&N D). TDL &, L, DHLERREIEN O L HLIFAB u DY, H D

F(Xi0) = Y Au*— )" € 0= ) g

n>1
T, ROMWELEH-TOOREET S: A =1THU, HEHT

K:= {k)o—Ft(p—].)p'u"t:O,].,Q,}

DEFEDTT kITHL, .

—k
po =)a"

fe(q) = F(k;q) = Y An(

n>1
2 Sp(To(Np))® ICE T AIERILE N /=H % eigenform fr @ Fourier BRI L —FL, & I
k=ko lCBOTL fr,(g) = flg THBH. 22T,

X -k X -k
O(=—=) :={D_ an(===)" | an € O, |ag| = 0 (n = o)}
p n>0 p

LBz T80, 0(X k) BEHRINIZBHYIT Npoo DINKR I 5 2 YRTT Galois Bl

pH

X~k
pr: Go = GLa(O(==2))

T, IROMEZ 72T OBELET 5: Np & HOVCHEREBTOFR 1 I, %X

Tr(pp(Froby)) = Al<Xp‘u’“°)

MEEIZL , K DERDIC kITHL T,
pr = pr (mod (X —k)) : Gg — GL2(O)

i3 f ICAHBET 5 Galois & py, & FEICR 5.

L 72285 T, K C parametrize S 7z slope a ® eigenform @ family { fx}rex 13, Fourier
JEBA D72 F family {fr(q) ke @ p-EMR F(X;q) &, T 5 Galois RELDOLT family
{ps. ke D p-EESHE prp % PFERE- 72 p-adic analytic family of eigenforms passing through
fTHbB.

A Eoflic BT, Hida family @ slope I 0 T®H Y, Coleman family @ slope I3fE& D
A o THLZ L 2RI T, ROLIBMELZEZR L2 LIIHBOTHARRZ & L
Nb:
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Question 0.1. f % slope co Z b DIEHL SN /2 eigenform, DF Y a,(f) =0 THEH LT
5. Z D& ¥, p-adic analytic family of eigenforms of slope oo passing through f % #ip T
BLIEADIMN? I 61T, T D p-adic analytic family of slope oo % IV T “arithmetic theory of
slope 00” 72 LM FRZ R TE 5725507

Hida family ORERKIC BWTUE, & X % modular forms % L 2> 5 X & cohomology D7t
AT D AT, TODRF cohomology @ ordinary part IC{EH S 2 Upy-fFAZRDIR 2 F % 5
B BBT, slope 280 THH L W OFRMGE SATZATEPL 2B 6 BB SN, 7z,
Coleman family ORERIC BT, % p-adic modular forms D729 p-adic Banach Z8[H @
family S LICYEFT %2> 87 MEAR Uy 1ICH L, FHERREL det(1 — XUy|s) @ Newton
polygon & B 54 [R7%: slope a DIEMNTHIET S S D slope-a-part LETD U, AEAFROHR
LD, p-adic Riesz theory Z FHONTRL TSNz, T2 TY, slope a WHRZIETH 5
CEWRENRFZ M L TRERTRIRBDTH -7z,

ARG T, p-adic analytic family of eigenforms of slope oo ORERIC IV T, p-EMFATHYZR
FHEEHGD DA T, slope ¥ oo THDHZ LWHEL bWEEL BT AR DNT, FITLD
e 5 GLy(A) DRBIRI 7(f) D p-E57 ©(f)p A° supercuspidal RELTH 2028 5
THEMTL TGERS.

1 m(f), »* supercuspidal R THEGE

Introduction DFt B2 ZDEEHNSLZ 2T 5. v 2IFABHKE L, f & weight kg T
level Np” O cuspidal eigenform C, n(f), A% supercuspidal REL TRV bDL T L. ZDL
&, J9T Langlands X6 C GLa(Q,) DERB 7(f), ICHIET 5 Q, © Weil #f W, DRBUT,
Wq, P =7 ramified characters x,x' 2T x o x H25WVE x@ x|-| DIETEREIND.
ZIT, RIEAGRICE Y QF & Wo, L ER—HL T, Q, LOMHE |- | & Wo, LICHE
L 7z character Z[{CFHT |-| &KL T 5.

W, ICHIBRL 7z& & x & —FT % & 572 Dirichlet character x % & U, twisted eigenform
fox 1 ITHBEYT % newform g % 2 hid, B Langlands XI5 T 7(f @ x 1), ICHIET 5
Wg, PRBIT 1o xx ™ Ho50E 10| | DB THSHA5 (2 2T, 113 trivial character 2
KY), g D slope 13H LIFEEHEYKL L. ThE a LB LT 5.

DL E, HEKMEDY & T, Example 0.2 TiliX7z Coleman family {gi }xex of slope «
passing through g W#TEL |, {gk }rex @ member % —F%IC ¢ T twist 562 & T, IROFEH
niE6ND:

Theorem 1.1. FFEOREDH & T, g @ conductor # cond(g) TEI Z &L T, IRDSE
H2RET 5:

bl pfcond(g) RHIE, a# % D a<ky—1;

bl p|cond(g) RHIE, a < ko — 1.
COLE HOLIFAEE p I LV RNEDEELEERINK = {ky +tp" |t =0,1,2,---} T
parametrize S#17z p-adic analytic family {fx}rex of slope oo passing through f T, IR
HEFoObONWEET 5:

(i) Zp LD LHMLIIEK O & LFRHF(X; q) € O(XE)[X] 2 HEAEL T, RO
ke K\ {ko} ISHL F(kiq) = fulg) BHY 30

(i) & 2 BE78 Galois K3l p : Gop — GL2(O(X582)) T, ERD k € KITHL, py =
p (mod (X —k)) W3 py, LEMHEL 725 b DIFLET 5.
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Remark 1.1. ¥ T twist T2z T 5729, Theorem 1.1 TIEHRL THRNAS,
fr 72Bld f LV B KEZ level ZH D eigenforms TH L. SHIT, HHE (1) ITBWT, k =k
YL 7T22 & Flhyq) BATLY flg) &1l3—HL Rz IR,

2 7(f), » supercuspidal R TH H5HE

i FC F S 2 N5 Z £129 5. Section 1 T -7z w(f), A° supercuspidal I Tl
LG TIE, character T f % twist $56Z2212KL 0, slope ¥ 0o THHZ & HAEL BHH
HEBT LI WTE. LML, 2D section TH D 7(f), » supercuspidal KIRTH 555
ATlE, E D & 572 character T f % twist L 722 L TV, slope A% oo TH 5 L W DRI 5
NDZLIFTERY, 22T, n(f) Z#EY)R%E 2 IREKICEIL T base change $56Z & %%
ATCHD.

m(f)p 7 supercuspidal RELTH 5 & X, JIFT Langlands X6 T n(f), ISHIGT 2 Wy,
DRBL, Q LDH B 2 IRYAK L L0 ramified character € IZ XD, Ind(g” () DIETHAH
N3, 22T, Gal(L/Q) = (1) L LT, &7 (z) = e(rar) LBVIEE, eld e £ 7 RililT
bOTHS.

L BICHIBRL 72 ® & T JHFT Langlands %G, Ind%" (e)|lL = e®e™ ICHIET D GLy(L)
DFRIUL principal series KHL w(e,e™) 785, p MORLILNKE 2RIk F T, p O LoME—
DDF ideal p ICHL F, = L &5 b D% &N, principal series RIUZTHET 5 Jacquet
module % non-trivial TH 5D T, «n(f) ® F 1B % base change ﬁ) D % eigenvector
&L C, weight (ko, ko) @ Hilbert eigenform § C, AFR% slope % b5, {9 % Galois %
B ops B prla, EAMETH DX 5RO DWELET S, 22T, Gp 1T F Ot} Galois #f& R
. F2, f D slope &1, L OFT 7 & —2[EEL TBWT, 72k VEE % Hecke operator
T(m) X 2EHMED p-EMEDZ & 2557

Z 215, p-adic analytic family of slope co passing through f Z#EpK 9 282 L T, K
D DD steps WEZ 6N S

Step 1: f D slope % o £ BL. ¥7, H5%EHF K T parametrize 7= weight (k, k)
@ Hilbert eigenform f 7*5 72 % p-adic analytic family {f%}xex of slope o passing through
f T, BT % Galois RILD family {py, trex & p-ERITINCHIET 5 Gr LD Galois &I
p ZROLDEMENT 5.

Step 2: KIZ, Step 1 THERKL 7= family {fx}rex % Q _LIC descent §°2 Z & T, p-adic
analytic family {f;}rex of eigenforms of slope oo passing through f T, fIfid % Galois %
o family {py, tkex % p-ERFTICHIETT 5 Go LD Galois £ p T plg, =p 725
bOEFRFOLOEGS.

Step 112D TIE, Buzzard [1] D2 IHMECL TEE [14] I L V55172 p-adic analytic
families of Hilbert eigenforms of finite slope D#EREE FHNWTHITTHZ LN TE L. 22
T, Step 112 5 & 5 7% family {fx }rex & THISHBET % Galois KHL p B¥Fo6Nh/ze L T,
Step 2 DHEIBFREMEICDNTER 5.

Step 2 1CH 5 & D7 Gg LD Galois KH p 2#357-0121E, F £S5 Q EIT descent ¥
DI DEM p=p” RV DZ EMREEES N R T NER SR, S 2T, F LV HICK
Y Gal(F/Q) = Gal(L/Qy) = (1) TH Y, p"(z) := p(rar) BV, LL, KAEIESR
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Z i, Z OIRITIROEIIC LY REIf b bZ Licin b:
Theorem 2.1. EFEOWRMBEICBNT, Gr LOBEHRE L T Tr(p) # Tr(p”) TH 5.

Proof. 5L Tr(p) = Tr(p") THIUE, Step 2 I2H 5 & 572 p-adic analytic family {fi}rex
of eigenforms passing through f £ fI{iT 2% Go LD Galois R¥ p T plg, Zp LR5HD
MEL B, ZOLE, FBED ke KITHL T, fi 1& n(fr) @ FICBAT % base change m
DAHRZ slope & B D eigenvector & L THLHN D Z LITHER.

BREIC LY, k=ky D& & 7(f), |F supercuspidal RILTH 5D T, [7, Lemma 12.2] IT &
Y, f o slope ald Bl &L W ehthind. FRKIC, k€ K Tk # ko 5 b DITHL,
YL 7(fr)p A supercuspidal RILTHIE, f D slope 13 E5L &0, o = kool v iy
% slope & 72> TCL £\, family {fx }rex WEE SN slope a ZHDZ LICHFETH. Lz
MoT, k#ky RBITNTD k€ KIT2WT, n(f)p 13 supercuspidal RELTITZRwy. &<
K, Pfr % p ‘(@ﬁ\%ﬁ Dp LC%UISE’?é Zﬂ‘ﬁ(‘]iﬁifﬁtﬁé. J:o'(, {Pfk|Dp}kEIC e p—i@%
HTHINCHHRET % plp, 1& generically ICW#j& 7 5. LU, n(f), A* supercuspidal R TH
5 M,k =k \<BWT p|p, EFHKLL THEHOND pf|p, FEERREBHTH Y, F/EAT
AL 5. O

¥ /7, m(f)p A% supercuspidal RILTH 2581%, T 2 TR/N7z base change % > 5§l
Tl¥ p-adic analytic family of eigenforms of slope oo passing through f Z #9252 &3 T
FRNZ b ok,

o B

5 4 IHETGRTISUERIC B E L, HOBAE BA TV RV ERE O 4, & <
2, BN O 20 BEFEARIC 0K D L B ¥
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